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Preface 


These lecture notes are based on five hours of lectures given at the Park City 
Math Institute in the summer of 2013. The notes are intended to be a leisurely 
introduction to the Kahler-Ricci flow on compact Kahler manifolds. They are 
aimed at graduate students who have some background in differential geometry, 
but do not necessarily have any knowledge of Kahler geometry or the Ricci flow. 
There are exercises throughout the text. The goal is that by the end, the reader 
will learn the basic techniques in the Kahler-Ricci flow and know enough to be 
able to explore the current literature. 

The material covered by these notes is as follows. In the first lecture, we 
give a quick introduction to some of the main definitions and tools of Kahler 
geometry. In Lecture 2, we introduce the Kahler-Ricci flow and give some simple 
examples, before stating, and in Lecture 3 proving, the maximal existence time 
theorem for the flow. In Lecture 4 we prove long time convergence results in 
the cases when the manifold has negative or zero first Chern class. Finally in 
Lecture 5 we discuss more recent work on the behavior of the flow on Kahler 
surfaces. We also “go beyond” the Kahler-Ricci flow by discussing a new flow 
on complex manifolds called the Chern-Ricci flow. 

The Kahler-Ricci flow started as a small branch of the study of Hamilton’s 
Ricci flow, but by now is itself a vast area of research. As a consequence, we 
have had to omit many topics. For the interested reader seeking more com¬ 
plete expository sources: the chapter [66] by Jian Song and the author contains 
many of the results of these notes and much more; the works mmm ( in the 
same volume as [66] ]) and the more general survey m are excellent sources of 
information. 

The author thanks Matt Gill who was the teaching assistant for this course, 
for his help in writing the exercises. In addition, thanks go to the organizers, 
Hubert Bray, Greg Galloway, Rafe Mazzeo and Natasa Sesum, of the research 
program of the 2013 PCMI Summer Session for giving the author the oppor¬ 
tunity to participate in this exciting event. Discussions with researchers and 
graduate students at the Park City Math Institute were invaluable in shaping 
the form of these notes. The author also thanks Valentino Tosatti for some 
helpful comments on a previous version of these notes. 

The author was supported in part by NSF grant DMS-1332196. 
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Chapter 1 

An Introduction to Kahler 
geometry 


In this lecture we introduce the notion of a Kahler metric and describe the 
associated covariant derivatives and curvatures. We take a somewhat informal 
approach which emphasizes the minimal definitions and tools needed to carry 
out computations. The reader looking for more details may wish to consult [38j 
or J5B], for example. 


1.1 Complex manifolds 

Let M be a smooth manifold of dimension 2 n. We say that M is a complex 
manifold of complex dimension n if M can be covered by charts (U, z ) where 
U is an open subset of M and z : U —► C" is a homeomorphism onto an open 
subset z(U) of C ra , with the following property: if ( U,z ) is another chart with 
U D U nonempty then the transition maps 

zoz- 1 : z{UC\U) z(UnU) 

and 

,-or 1 : z(UnU) -> z(Ur\U), 

are holomorphic. 

We write 2 = (z 1 ,, z n ) and 5 = (z 1 ,..., z n ). These are called complex co¬ 
ordinates. We also introduce the real coordinates (x 1 ,..., x n , y 1 ,..., y n ) defined 
by the usual formula 

z l = x l + 

Note that we avoid the notation i for y/—l since i is our favorite letter for an 
index. We define operators and -J— on C n by 

dz i 2 dy i ) ’ dz l 2 \dx i dy l ) 
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As the notation suggests, we have for all i, j = 1,... ,n, 

where Sij is the Kronecker delta symbol. In particular, a smooth function / on 
C n is holomorphic if and only if 

df 


&Z 1 


= 0 for i = 1,..., n. 


Hence the condition that the transition maps be holomorphic can be written as 


dz} Oz * 

— — r = 0 and —^ = 0, for alii, j = 1,..., n, (1.1.1) 

dP df 7 v ; 

where defined. Here we are writing z for the map z o z~ l and z for the map 
z o z~ l . 

Recall that the definition of a smooth manifold requires the existence of 
coordinate charts whose transition maps are smooth, and this allows for a well- 
defined notion of a smooth function. Similarly, on a complex manifold M we 
can make the following definition: a smooth function / on M is holomorphic if 
for each coordinate chart (U, z ) we have 



for i = 1,..., n, 


on U. Of course, we are writing / for / o z~ l . To see that this is well-defined, 
suppose that U is an overlapping coordinate chart and compute using the chain 
rule on U 0 17, 

df _ df 8fz k df dz k _ 

df k ^ df k dzk df 

as required. Note that we have used the condition (11.1.11) to see that the second 
term vanishes. 


Example 1.1. C" is a complex manifold with a single coordinate chart U = C" 
and z : U C n the identity map. Taking the quotient of C" by the lattice Z 2n , 
say, gives a compact complex manifold homeomorphic to the torus T 2n . 

Example 1.2. Define complex projective space P n as follows. As a topological 
space, P" is the quotient space 

(C n+1 -{0})/~ . 

where ~ is the equivalence relation defined by 

(Zq, Z \,..., Z n ) ~ (XZq, \Z \,..., A Z n ), 

for A G C*. In other words, it is the space of complex lines through the origin 
in C" +1 . Define open sets 

Ui = {[Z 0 , ...,Z n ]eP n \Zij£ 0}, for i = 0,1,... ,n, 
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where we are writing [Zo, ■ ■ ■, Z n \ for the equivalence class of (Zo, ... ,Z n ) (the 
Zi are called homogeneous coordinates). The Ui cover P n . On Uq we define 
complex coordinates z 1 ,... ,z n by 


z 


1 



~Zo 


and similarly for U \,..., U n . We leave it to the reader to check that the associ¬ 
ated transition maps are holomorphic. 

Exercise 1.1. Show that P 1 is diffeomorphic to the sphere S 2 . 


1.2 Vector fields, 1-forms, Hermitian metrics and 
tensors 


Let M be a complex manifold as above. The complexified tangent space ( T p M) c 
at a point p is given by the span over C of 

d d d d 
’"' ’ dz^' aF’''' ’ ' 

where we evaluate at the point p. We write ( T p M) c = T p ’°M ® T p ' x M, where 
Tp’°M is given by the span of the and T p ^M by the -g—. By the chain 
rule and the equations (11.1.11) . this decomposition of ( T p M) c is independent of 
choice of complex coordinate chart. Indeed, 


d_ 

a? 


E 


dz k d 


+E 


k 


dz k d 
dz l gf 


^ dz k d ( d 9 1 

E e span i ’ 

k 


and similarly for =■. 

We define a T 1,0 vector field on M to be a smooth complex-valued vector 
field X on M with the property that X p € T p ,0 M for all p € M. We write X 
locally as 


* = E X 


d_ 

dz l ’ 


l 


where the X 1 : U —> C are smooth functions which satisfy the following trans¬ 
formation rule. If we write X 1 for the corresponding functions on U then 


r = ViE 
^ dzi 


onUnU. 


Any collection of functions X 1 : U —> C defined on each chart in a cover of M, 
which satisfy the above transformation rule, determine a globally defined vector 
Held A'. Indeed one can check that 


vi d ...yi 9 

dz i ^ dz i 


on unu. 


4 




Here and henceforth we are using the summation convention that we sum over 
repeated indices from 1 to n when one index is upper and the other is lower (we 
regard the index i in -J— as a lower index). 

Exercise 1.2. We define a holomorphic vector field, on M to be a T 1,0 vector 
field X = such that 

dx i 

^ . = 0 for all i,j = 1 .... ,n. 
dz 3 J 

Show that this condition is well-defined, independent of choice of coordinate 
chart. 


We also define T 0,1 vector fields in a_similar way. A T 0,1 vector field is 
written locally as Y = Y 3 -f— where the Y 3 transform according to the rule 


Y j =Y 1 —, on UnU, 

oz 1 

where of course _ 

dz 3 _ dz 3 

dz e ~ gf ‘ 

We can do the same for the complexified cotangent space ( T*M) C which is 
spanned over C by the 1-forms 

dz\...,dz n ,dz 1 ,...,dz n . 


Here dz l = dx l + dy l and dz 1 = dx z — dy l are dual to and 
respectively. We have a decomposition of the complexified cotangent space into 
(l,0)-forms and (0, l)-forms, spanned by the dz l and dz’ respectively. A (1,0)- 
form a on M is written locally as a = aidz *, and a (0,1) form b as b = bjdz 3 , 
where the a, and bj transform by 


_ uz ~ uz~ ~ 

az = ak d, = onUnU - 

Finally, dehne a Hermitian metric g on M to be a Hermitian inner product on 
the ?r-dimensional complex vector space T 3 '°M for eachp, which varies smoothly 
in p. Locally g is given by an n x n positive definite Hermitian matrix whose 
(i,j)th entry we denote by g^, which transforms according to 


_ dz k dz e TT ~ 

9{3=9kJ ~d?d^ 0X1 UnU - ( L2 - 1 ) 

Given T 1,0 vector fields X = X l -J~ and Y = Y'-J— we dehne their pointwise 
inner product by 

(X,Y) g = g iJ X i YJ, 

and we write 

\X\ g = J{X,X) g 

for the norm of X with respect to g. 
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Exercise 1.3. Show that ( X , Y) g is well-defined, independent of choice of com¬ 
plex coordinates. 

We can similarly use g to define an inner product on T 0,1 vectors. 

Remark 1.1. A Hermitian metric g defines a Riemannian metric gn, which we 
can define locally by 

( d d \ . ( d d \ ( d d \ nT , , 

m (a?' oS) = 2Re(9 -5 ) = (a?' W) ' 3R W’W) = fej) ' 


However, we won’t make use of this correspondence. 


Extending all of the above, we can define tensors on a complex manifold 
with any number of upper or lower indices, barred or unbarred. For example, 
the set of locally defined functions Sj : U C defines a tensor with two upper 
unbarred indices and one lower barred index, if it satisfies the transformation 
rule: 


eifc = oab dz l dz k dz c 
o c dz a dz b dzi 


on U fl U. 


( 1 . 2 . 2 ) 


More formally, S = Sj k £pr <8> grv ® defines a smooth section of T 1,0 M <S> 
T 1 ’°M ® (T°’ 1 )*M. However, in these lecture notes we will stick with more 
informal language. 

The reader will notice that the transformation formulae for any kind of tensor 
can easily be derived by following the simple rule: match the indices according 
to barred/unbarred, upper/lower and z or z. For example, in (II.2.211 . the indices 
i,k on the left hand side are unbarred upper indices with respect to z, and since 
they are “free indices”, they match with corresponding free unbarred indices i, k 
with respect to z on the right. On the other hand, the upper unbarred indices 
a, b with respect to z on the right are “summed indices” and so must match 
with lower unbarred a , b indices with respect to z. 


Exercise 1.4. Let g = (g k j) be a Hermitian metric on M. Define g to be the 
(i,j)th component of the inverse matrix of (g k j). Show that g lJ defines a tensor 
on M, which we call <7 . 

We define an pointwise inner product on (1,0) forms using g ZJ , as follows. 
If a = aidz 1 and b = bidz 1 then 


(a,b) g = g l3 aibj , 


and we define the norm of a to be \a\ g = ^/(a, a) g . We can similarly define an 
inner product for ( 0 , 1 ) forms. 


1.3 Kahler metrics and covariant differentiation 

We say that a Hermitian metric g = (gg) is Kahler if 

d k.gg = d t g k - for alii, j, k = 1,... ,n. (1.3.1) 
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Namely, d k g{j is unchanged when we swap the two unbarred indices k and i. 
Here and henceforth, to simplify notation, we are writing 





Exercise 1.5. Show that the condition (11.3.11) is independent of choice of com¬ 
plex coordinates. 


Example 1.3. If M is a complex manifold of complex dimension 1 (a Riemann 
surface) then every Hermitian metric is Kahler, since (11.3.11) is vacuous. 

Example 1.4. C n with the Euclidean metric = 6ij is Kahler. More gen¬ 
erally, we may take gg = A^ where ( A ^) is any fixed n x n positive definite 
Hermitian matrix. Since g,~ is constant, it descends to the quotient C ra /Z 2ri to 
give a Kahler metric on the torus. 

Exercise 1.6. Following on from Example 11.21 we can define 

gi - = didj log(l + I*: 1 ! 2 -I-H~"| 2 ), onU 0 , 

and similarly for U \,..., U n . Show that {gfj) defines a Kahler metric on P n . 
This metric is called the Fubini-Study metric. 


Given a Kahler metric g, we define its Kahler form to be 

oj = \J —\gqdz l A dz ’. 

Observe that since (g t j) is Hermitian, the form oj is real: 


oj = —V—lg.{jdz l A dz-’ = V—l gjjdz’’ A dz 1 = oj. 

It is a form of type (1,1) (in the span of the dz 1 A dz J ). 

Note that if g is just a Hermitian metric then one can still define an associated 
real (1,1) form oj, which is sometimes referred to as the fundamental 2-form of 
g. Abusing notation slightly, we will often refer to the form oj as a Hermitian 
metric (or as a Kahler metric, if g is Kahler). 

The following exercise shows that a Hermitian metric g is Kahler if and only 
if oj is d-closed. First we need some notation. We define an operator d which 
takes a ( p , q) form to a (p + 1, q) form as follows. Given a ( p , q) form 

a = a i i T i~dz l1 A • • • A dz lp A dz -’ 1 A • • • A dz ’ q , 

we define 


da = d k a i , r 1 -dz k A dz h A • • • A dz ip A dz jl A • • • A dz jq . 

An argument similar to the solution of Exercise 11.51 shows that d is well-defined 
independent of choice of coordinates. The operator d, taking (p, q) forms to 
(p,q + 1 ) forms is defined similarly, and we set 

d = d + d, 


which is the same as the usual exterior derivative on manifolds. 
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Exercise 1.7. Let g be a Hermitian metric. Show that 

g is Kahler <=> du; = 0 du.> = 0 -<=>■ dui = 0. 

The next result gives a way to construct new Kahler manifolds from old 
ones. 

Proposition 1.1. Let ( M,g ) be a Kahler manifold, and N C M a complex 
submanifold. Then g |jv is a Kahler metric on N. 

Proof. N being a complex submanifold of dimension k means the following: 
at any point p of N we can find complex coordinates for M centered at p so 
that near p, N is given by {z k+1 = ■ ■ ■ = z n = 0} and z 1 ,..., z k give complex 
coordinates for N. It follows immediately that the metric g at p defines an 
inner product on the complexified tangent space of N (just restrict to the span 
of Si,-- - ,d k ). 

Let (. : N —> M be the inclusion map, so that oj\n = t*w. Then by the 
standard property of the exterior derivative, we have 

dt*uj = Pduj = 0, 


as required. □ 

It follows that: 

Corollary 1.1. Every smooth projective variety admits a Kahler metric. 

Indeed, a smooth projective variety can be defined to be a complex subman¬ 
ifold of P N for some N, which by Example 11.61 admits a Kahler metric. 

We now define the notion of covariant differentiation on a Kahler manifold 
(M,g). Observe that, by the argument of Exercise 11.21 if we are given a T 1,0 
vector field X = X l di , the object 


dX i 
&z e ' 

gives a well-defined tensor, meaning that it transforms according to the rule 


dX i 

dz e 


dX k dzi dz i 
Qzf dz e dz k 


on U 0 U. 


Indeed, this follows from the fact that the transition maps for the X 1 are holo- 
morphic and so “pass through” the operator dj. However, the reader can check 
that the object 

dX l 

dz k 

does not give a well-defined tensor, and this leads us to define covariant differ¬ 
entiation. 






We define the Christoff el symbols of q on the chart (U, z) to be the functions 
T\ v : U -> C defined by 

n p = 9 ~ q d k g P ~ q , (1-3.2) 

where we recall that g^ are the components of the inverse of g. By the Kahler 
condition (11.3.11) . 

pi _ -pi 

1 kp 1 pk' 

The Christoffel symbols do not define a tensor. However, given a T 1,Q vector 
field X , we define the covariant derivative X k X l by 

V k x i = d p x l + r kp x p , 

and this does define a tensor. By the above observation, djX 1 is already a tensor 
and we define 

VjX 1 = &jX\ 

Similarly, for a T 0,1 vector field Y = Y^dj, a (1, 0) form a = a^dz 1 and a (0,1) 
form b = bjdz J , we define 

X k Y^ = d k YJ V 7 W = djY^ + rJy? 

V k&i = dkO'i V = 3j(Xi 

= dkbj V^-fry = ~ r|j-6g" 

Exercise 1.8. Show that S7 k X l , VyF - 7 etc. all define tensors. 

Moreover, we can extend covariant differentiation naturally to any kind of 
tensor, such as the tensor S£ b described above in Section P 

VfcSf = d k s? + I%,sf + T b kp S“ p 

\7_q a b _ nab tW~ oab 

V rc _C 7°c 1 tc D q • 

In particular, we have X k gq = 0. Indeed, this follows from the choice of the 
Christoffel symbols, since 

= dkgij - r p ki g pl = d kgi -j - g pq {d k gtq)g- = 0, 

where we have used the fact that g pq g p j = Sj q . 

Remark 1.2. V coincides with the Levi-Civita connection of the Riemannian 
metric g r associated with g , extended to the complexified tangent bundle. 


1.4 Curvature 


We now describe the curvature associated to a Kahler metric 
curvature tensor R.-^, p by 

ijk J 


V = - 3 r r **' 
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for T p k the Christoffel symbols of g, defined by (11.3.21) . 


Define the 
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Exercise 1.9. Show that R-, p is a tensor. 

ijk 

It will be convenient to define 

Rijkl ~ Rijk 9 P J- 

That is, we lower the index p into the last slot using the metric g. We will also 
refer to this tensor as the curvature tensor. The tensor Rf- k j has the following 
symmetries: 

Proposition 1.2. The curvature tensor of a Kahler metric satisfies 
Rfjkl = R-kjil = ™i7kj = 

and, 

Rfjkl = Rjlek- 

Proof. From the definitions, 

Ri]kl = ~ 9 p ldj(9 pli di9kq) 

= - 9 p i9 pq djdi9kq + g p jg ps g rq 9jgrsdigkq (1.4.1) 

= - didjg kl + g^digkqdjg^, 

where we have used the formula for the derivative of an inverse matrix = 

— A~ 1 (SA)A~ 1 . The proposition then follows immediately from this formula, 
and the Kahler condition (11.3.11) . □ 

The curvature tensor measures the failure of covariant derivatives to com¬ 
mute. More precisely: 

Proposition 1.3. For a T 1,0 vector field X = X p d p , a T 0,1 vector field Y = 
Y^dq, a (1, 0) form a = a p dz p and a (0,1) form b = bqdz q , we have the following 
commutation formulae: 

[V,. Vj]x- = R llt ’x\ [v,, Vj]y? = -Rj-y 
[Vi , V j] a p = — Rq p q dq j [Vi , Vj] bq = Rrr bj. 

Here, [Vi, Vj] = V, V-— VyVi, and we are raising and lowering indices of the 
curvature tensor using g. 

Before we prove this proposition, it is convenient to introduce the notion of 
a holomorphic normal coordinate system. 

Lemma 1.1. Let ( M,g) be a Kahler manifold. For any fixed point x € M, 
there exists a holomorphic coordinate chart ([/, z) centered at x such that, at x, 

9ij=Sij, an d d k g i j = 0, 

for all i, j, k = 1 , 2 ,..., n. 
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Proof. By an affine linear change in coordinates, we can find coordinates z 1 ,..., z n 
centered at x with <y ( - = Sij at that point. To obtain the vanishing of the first 
derivatives of g , define a new holomorphic coordinate system z 1 , ..., z n by 

? = z i - ^fj*(0 )z j z k . 

Observe that the first derivative of z = z(z) at 0 is the identity, and hence by 
the inverse function theorem, we can solve for z as a holomorphic function of 
z in a neighborhood of zero. We leave it as an exercise to check that in the z 
coordinate system, we have 

dkQij = 0 

at x for alii, j, k. □ 

Exercise 1.10. Complete the proof of Lemma [TTT1 

The coordinate system we constructed in Lemma 1 1.1 1 is called a holomorphic 
normal coordinate system for g. The lemma implies in particular that we can 
choose coordinates for which the Christoffel symbols vanish at a point (and 
this implies that T cannot be a tensor, since if it were, it would have to vanish 
everywhere). Note that the Kahler condition is required for the existence of 
holomorphic normal coordinates. Indeed from (11. Till it is immediate that the 
existence of these coordinates for g implies that g is Kahler. 

We now complete the proof of Proposition 11.31 

Proof of Provosition l~/~71 Since both sides are tensors, it is sufficient to prove 
the identities at a single point x, in a holomorphic normal coordinate system 
(if an equation of tensors holds in one coordinate system, it must hold in every 
coordinate system). Compute at x , 

[v,, Vj\xp = diVjXP - dj(d t xp + r p ik x k ) 

= didjXP - dj^XP - (djT p ik )X k 
= R p X k , 

ijk 

giving the first formula. The others are left as the next exercise. □ 

Exercise 1.11. Complete the proof of Proposition II.31 
Exercise 1.12. Let w = fjdz 1 A dz^ be a Kahler metric. 

1. Show that if f3 = Pfjdz 1 A dz 3 is a real (1, l)-form and oj a Kahler 
form, then 

nca"" 1 A p = =: (tr^/3) W n . 

2. Let / be a real-valued function. Show that 

no/ 1 " 1 A V^ldf A df = \df\ 2 g co n . 
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Hint: pick coordinates at a point for which gg = Sij. 

We end this section by discussing the Ricci curvature of a Kahler metric, 
which is defined to be the tensor R„- given by 

% = 9 kl RijkI- 

A key property of Kahler metrics is the following simple formula for the 
Ricci curvature: 

Proposition 1.4. The Ricci curvature is given by 

Rij = - didj log detg. 

Proof. The proposition follows easily from the well-known formula for the deriva¬ 
tive of the determinant of an invertible Hermitian matrix A: 

6 det A = trac e(A” 1 dA) det A, 

which can be rewritten as 

<5 log det A = trace(A _ 1 <5A). (1.4.2) 

We compute 

% = -9 M g p jdj^ P ik = = -dj(g p7i dig P q) = -<%<% log det g, 

as required. □ 

We define the Ricci form of g to be the (1,1) form 

Ric(w) = y/~A.R i -jdz' 1 A dz = — \/^T<9<9 log det g. 

It follows from either Proposition ll.2l or Proposition [Ll] that (R{j) is Hermitian, 
and hence Ric(w) is a real (1,1) form. Proposition 11.41 implies that dkR{j = 
diRfrj, namely that Ric(w) is d-closed. 

Note that we often write 

Ric(w) = — v 7 —Tdd log uj n . 

We make sense of this expression as follows. If Q is any volume form, locally 
written as 

H = a(z)(-\/^l) n dz 1 A dz 1 A • • • A dz n A dz n , 

then we define 

\Z~A-ddlogQ, = \f~A-ddloga. 

Exercise 1.13. This definition of \J — ldd logfi is well-defined, independent of 
choice of local coordinates. 

Then since 

oj n = n\(y/— I) ra det g dz 1 A dz 1 A • • • A dz n A dz n , 
we see that — \/—'199 log u" = —'/^ldd log det g. 

Exercise 1.14. Let wfs be the Fubini-Study metric of Exercise ll.61 Show that 

Ric(wFs) = (n + 1)wfs- 
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Chapter 2 

The Kahler-Ricci flow and 
the Kahler cone 


In this lecture we introduce the Kahler-Ricci flow. We also discuss Kahler 
classes, the Kahler cone and the first Chern class. We describe the maximal 
existence time result for the Kahler-Ricci flow and give some simple examples. 

2.1 The Kahler-Ricci flow and simple examples 

Let (M, wo) be a compact Kahler manifold. If w = w(f) is a smooth family of 
Kahler metrics on M satisfying the equation 

d 

—u = -Ric(w), w| t=0 = w 0 , (2.1.1) 

then we say that w(f) is a solution of the Kahler-Ricci flow starting at uio- For 
the reader who is familiar with Hamilton’s Ricci flow of Riemannian metrics: 
this is the same equation (modulo a factor of 2) starting at a Kahler metric. 

We describe now some simple examples of solutions to the Kahler-Ricci 

flow. First, let M be a compact Riemann surface (complex dimension 1). The 
following theorem is known as the Uniformization Theorem. 

Theorem 2.1. On any compact Riemann surface M there exists a Kahler met¬ 
ric wke with 

RIc(wke) = M w ke, (2-1-2) 

for some constant fi. 

In general, a Kahler metric satisfying (12.1.21) is called a Kahler-Einstein 
metric, which explains the notation. By multiplying u>ke by a constant, we 
may assume that p is equal to either 1, 0 or —1. Indeed this follows from the 
fact that for any Kahler metric ui and positive real number A, 

Ric(Aw) = Ric(w), (2.1.3) 
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as can be seen immediately from the formula of Proposition 11.41 

The Gauss-Bonnet formula on a Riemann surface M can be written as 


f Ric(cj) = 27r(2 - 2 g M ), 
J M 


where gM is the genus of M, and hence the sign of g determines whether M 
has genus 0, 1 or greater than 1. 

Example 2.1. If g = 1 then M — P 1 . Let wo = 2wfs where wfs is the 
Fubini-Study metric from Exercise II.61 Then by Exercise ll.141 


Ric(w 0 ) = wo- 


We claim that w(f) = (1 — f)wo is a solution of the Kahler-Ricci flow on [0,1). 
Indeed, 

d 

—w(t) = -w 0 = -Ric(wo) = —Ric(w(£)), 

where the last equality makes use of (12.1.31) . Hence there is a solution of the 
Kahler-Ricci flow which shrinks the Fubini-Study metric to zero in finite time, 
by scaling. Recall that P 1 is diffeomorphic to S 2 ('Exercise 11.11) . In fact, the 
Fubini-Study metric is a constant multiple of the standard round metric on S' 2 , 
and so this solution of the Kalrler-Ricci flow can be visualized as a shrinking 
round sphere ('Figure l2Tl) . 



Figure 2.1: P 1 shrinking along the Kalrler-Ricci flow 


Example 2.2. If g = 0 then M is a torus. We have a stationary solution of 
the Kahler-Ricci flow starting at uiq = uke, 


w(£) = w 0 , 


for t ^ 0. 

Example 2.3. If g = —1 then M is a surface of genus strictly greater than 
one. If wke satisfies RIc(wke) = -wkE) then 

w(f) = (1 + £)w K e 

solves the Kahler-Ricci flow for t ^ 0 starting at wo = wke- The solution of the 
Kahler-Ricci flow exists for all time and expands by scaling. 
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2.2 The Kahler cone and the first Chern class 


A Kahler metric u is a closed real (1,1) form, and hence defines an element of 
the cohomology group 

H- X (M R) = {^~ closed real d’ 1 ) forms} 

9 [ ’ ’ Imd 

By Hodge theory, R) is a finite dimensional vector space over R. 

The dd Lemma , which holds on Kahler manifolds, and which we will not 
state in its full generality, implies that 




{enclosed real ( 1 , 1 ) forms} 
Imdd 


Namely, if /3 and 7 are two closed real (1,1) forms with /3 = 7 + drj for some 
(1,0) form 7 then (3 = 7 + \/~^\ddf for a real-valued function /. 

In particular, if u> and u/ are two Kahler metrics with [w] = [a/] (i.e. they 
define the same element in lji’ 1 (M, R)) then 

uj' = u) + y/—lddp, ( 2 - 2 . 1 ) 


for some smooth real-valued function p. Moreover, the function ip is unique up to 
a constant, since if <p is another function satisfying (12.2.ID then >/— ldd(p — ip) = 
0 and by the next exercise, ip — (p is a constant. 


Exercise 2.1. Let (M, ui) be a compact Kahler manifold. Show that if a smooth 
function / : M —> R satisfies y/—lddf ^ 0 then / is a constant on M. Hint: 
integrate fy/—lddf Au”" 1 over M and use Stokes’ Theorem. 

We say that a class a in Ui -1 (M, R) is a Kahler class if there exists a Kahler 
metric uj with [w] = a, and in this case we write a > 0. If —a is a Kahler class 
then we write a < 0 . 


Exercise 2.2. For a in /T ' 1 (M. R), show that the conditions a > 0, a = 0 
and a < 0 are mutually exclusive. Here a = 0 simply means that a is the zero 
element of R). 

Note that a class a in (M, R) need not satisfy one of a > 0, a = 0 or 
a < 0 , as we shall see in examples later. 

We define the Kahler cone of M to be 


Ka(M) = {a <E H±\M, R) | a > 0}. 

Exercise 2.3. Show that Ka (M) is an open convex cone in R). (Recall 

that being a convex cone means that a, a' € Ka (M) and s, s' £ R >0 implies 
that sa + s'a' £ Ka (M).) 
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We now describe the first Chern class of a Kahler manifold M. This is a 
special element of H^ 1 (M 1 R) defined by 

ci (M) = [Ric(w)], 

where u> is any Kahler metric on M . Note that, in comparison to the usual 
definition in the literature, we have omitted a factor of 2tt. 

It appears from the definition that Ci(M) depends on the choice of metric 
ui, but in fact it does not: 

Proposition 2.1. ci(M) is independent of choice ofu. 

Proof. Let u/ = g'^dz 1 A dz 3 be any other Kahler metric. Then 

l 3 

det g' = e F det g, 

for some smooth function F : M —> R. Then 

Ric(w') = — -y/—ldSlogdet g' = — ^/^T<9<91og (e F det g) = Ric(w) — >/—T ddF, 

which implies that [Ric(w')] = [Ric(w)]. □ 

Note that the manifolds in Examples 12.11 12.21 and 12.31 have ci(M) > 0, 
ci(M) = 0 and Ci(M) < 0 respectively. 

Exercise 2.4. Let M = M\ x M 2 be a product of two Kahler manifolds (Mi, Wi) 
and (M 2 , ^ 2 ), and write 7Ti : M —> Mi and 712 : M —> M 2 for the projection 
maps. Let lo = 7t^uji + tt 2 OJ 2 be the product of the two metrics and ui 2 , a 
Kahler metric on M. 

(a) Show that 

Ric(w) = Trj'Ric(wi) + 7T2Ric(u;2). 

(b) Suppose that Wi(f) and 0 J 2 it) solve the Kahler-Ricci flow on Mi and M 2 
respectively, starting at u>i and u^- Then show that uj(t) = irlu>i(t) + 
71^2 (t) solves the Kahler-Ricci flow on M. 

Exercise 2.5. Let M = P 1 x P 1 and write uke = 2wps for the Kahler-Einstein 
metric on P , which we recall has R1 c(u;ke) = wke- Let w be the Kahler metric 
on M given by the product of these Kahler-Einstein metrics on P 1 . Show that 

ci(M) = [w]. 


2.3 Maximal existence time for the Kahler-Ricci 
flow 

We now return to the Kahler-Ricci flow (12.1.11) . and observe that if uj(t) is a 
solution of the flow then the cohomology classes [w] = [to (f)] must evolve by 

— [w] = —ci(M), [w] |t=o = [wo]. (2.3.1) 
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This simple ODE system has the solution 

[uj{t)} = [w 0 ] - ta(M). 

Hence, as long as a solution to the Kahler-Ricci flow exists, we must have 

[w 0 ] - tci(M) > 0, 

since this element of R) contains the Kahler metric w(f). The maxi¬ 

mal existence time theorem for the Kahler-Ricci flow states that this necessary 
condition is sufficient for existence of a solution: 

Theorem 2.2. There exists a unique maximal solution to the Kahler-Ricci flow 
12.1.1 )) starting at wo for t £ [0,T), where 

T = sup{f > 0 | [w 0 ] — tci(M) > 0}. (2.3.2) 

We say that a solution w(t) for t £ [0, T) to the Kahler-Ricci flow starting 
at o>o is maximal if there does not exist a solution starting at wo on [0, T') for 
any T' > T. 

The result Theorem 12.21 is due to Cao |7] in the special case when c\(M) is 
zero, positive or negative. In this generality, it was proved by Tian-Zhang US]; 
weaker versions of the result appeared earlier in the work of Tsuji [8T1 182] . 

Theorem IQ says that the flow exists for as long as the straight line path 
1 1 —^ [wo] — tci(M) remains in the Kahler cone. There are four possibilities: 

(a) The path t H > [wo] — tc\{M) hits zero. This can only occur if c\(M) > 0 
and [wo] = Tc\(M) with T < oo. 

(b) The Kahler class does not move. This occurs if and only if ci(M) = 0. 

(c) The path 1 H > [wo] — tci(M) remains in the Kahler cone for all time. This 
could occur if ci(M) < 0 , for example. 

(d) The path 1 K► [wo] — tci(M) hits a non-zero element of the boundary of the 
Kahler cone. This kind of behavior often occurs, as we will discuss later. 
The behavior of the flow will depend on the kind of boundary element 
that the path hits (see Example 12.51 for a simple illustration of this.) 

These are illustrated by Figure 12721 

Example 2.4. Let M be a Riemann surface. Then Hf A (M, R) is one-dimensional 
and the Kahler cone is the open half line. The three behaviors (a), (b) and (c) 
occur when /r = 1 , p = 0 and /z = — 1 respectively. 

Example 2.5. Let M = P 1 x P 1 as in Exercise 12.51 The space R) is 

spanned by the classes = [7 t*wke] for i = 1,2, using the obvious notation. 
The Kahler cone is given by 

Ka(M) = {xai + yai \ x, y £ R >0 }. 
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Figure 2.2: The Kahler-Ricci flow at the level of cohomology classes 


From Exercise 12.51 the first Chern class of M is c\(M) = ct\ -\-a 2 . Suppose that 
the initial metric is a product of Kahler-Einstein metrics 

w 0 = x 7 t*w K e + y tt^wke G xoti + ya 2 - 

From Exercise I2.4l we see that there are three possible behaviors of the Kahler- 
Ricci flow depending on the values of x, y. 

(i) [wo] lies above the diagonal. Then the path t >->• [w 0 ] — tc\{M) hits a 
boundary element which is a multiple of [a 2 ]. The first P 1 shrinks to zero 
as t —> T and the flow converges to a multiple of the Kahler-Einstein 
metric on the second P 1 . 

(ii) [wo] lies on the diagonal x = y. Then the path t >->• [o; 0 ] — tci(M) hits zero 
and the two P^s shrink simultaneously to a point in finite time. 

(iii) [wo] lies below the diagonal. The same behavior as in (i) with the roles of 
the two P^s reversed. 

These are illustrated by Figure [221 
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Figure 2.3: Three behaviors of the Kahler-Ricci flow on P 1 x P 1 

Exercise 2.6. Let E be a torus and S a surface of genus > 1, with Kahler 
metrics cue and u>s respectively, satisfying 

Ric(w£;) = 0, Ric(ws) = — cos- 


Let M = E x S. 

(a) Find c\(M) and show that T = oo for every choice of initial metric ujq. 

(b) Write down the solution ui(t) of the Kahler-Ricci flow starting with ujq 
equal to the product of cue and o os- 

(c) For your solution from (b), describe geometrically what is happening to 

as t — > oo. 

Exercise 2.7. Fix a Kahler manifold (M,u>o). We say that a class a £ 
R) is nef is for all e > 0 there exists oj e £ a with w E ^ —ewo- 

(a) Show that a class a is nef if and only if it is in the closure of the Kahler 
cone of M. 

(b) Show that T given by (12.3.21) can be written as 

T = sup{t > 0 | [wq] — tci(M) is nef}. 


19 






Chapter 3 

The parabolic complex 
Monge-Ampere equation 


In this lecture we describe how the Kahler-Ricci flow can be reduced to a 
parabolic complex Monge-Ampere equation. We use this description to prove 
the maximal existence time result for the flow. 


3.1 Reduction to the complex Monge-Ampere 
equation 


We wish to prove Theorem 12.21 which states that there is a unique maximal 
solution to the Kahler-Ricci flow (12.1.11) 

d 

—LO = -Ric(w), w| t=0 = w 0 , 

starting at wo on [0, T) for 

T = sup{f > 0 | [w 0 ] — tc\(M) > 0}. 


The idea is to reduce the Kahler-Ricci flow equation to a parabolic complex 
Monge-Ampere equation. We will briefly discuss now this terminology. 

On C" the complex Monge-Ampere operator is the determinant of the com¬ 
plex Hessian: 

( d 2 tp \ ( d 2 ip \ 

* \dz l &z 3 ) \dz l &z J ) 


However, on a compact Kahler manifold (M, g), this last condition is too strong, 
since it would imply that <p is constant (see Exercise 12.II) . It is natural to replace 
the complex Hessian (didjip) by (g-j + didjip). We define the complex Monge- 
Ampere operator on M to be 


V ^ det g fj + 


d 2 ip 


13 dz'cfz 3 


for ip with gp. + 


d 2 p 


13 dz l dz 3 


> 0 . 
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There are many functions p satisfying g,- + didjp > 0, and indeed these func¬ 
tions parametrize (modulo constants) the space of Kahler metrics in the same 
cohomology class as g. 

By parabolic complex Monge-Ampere equation, we mean a nonlinear equation 
of the form 



9 


for some function /. The metric g may in general have some dependence on t. 

Before we show that the Kahler-Ricci flow (12.1.ID is equivalent to such an 
equation, we need the following well known theorem of Hamilton [33] (see [XT] 
for a shorter proof, and [IJ for a recent exposition). 

Theorem 3.1. Given any compact Kahler manifold ( M,g 0 ), there exists a 
unique solution of the Kahler-Ricci flow on a maximal time interval [0, S) for 
some S with 0 < S ^ oo. 

In fact, Hamilton’s theorem holds for the general Ricci flow on a compact 
Riemannian manifold. Theorem 13.11 is just the statement that a solution to 
the Kahler-Ricci flow exists for some short time and is unique. It then follows 
immediately that there must exist a solution on a maximal time interval. The 
theorem does not tell us anything about the quantity S. The point of Theorem 
ELI is that S = T, where T has the simple formulation (12. 3. 2D in terms of 
cohomology classes. 

We now begin the proof of Theorem 12.21 By the discussion of Section 12.31 
we must have S ^ T. Since we wish to show that T = S, we will assume for a 
contradiction that S < T. 

First we pick a smooth family of reference Kahler metrics. Since S < T, the 
cohomology class [wo] — Sc±(M) lies in the Kahler cone and hence contains a 
Kahler metric wg, say. We define t >->• Cj t for t € [0, S'] to be the linear path of 
metrics between u> 0 and &s (Figure ETD) . Namely: 



where we define 


X = i(ws - w°) e -a(M). (3.1.2) 


(3.1.2) 


We now make the key claim: that the Kahler-Ricci flow (12.1. ID is equivalent 
to the parabolic complex Monge-Ampere equation 


d (oj t + v 7 —T ddip) n 

-p = log- — - 


, CJt + V^lddp > 0, p\ t =a = 0, (3.1.3) 


where is a volume form with 



(3.1.4) 
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Figure 3.1: The path of reference metrics w* in the Kahler cone 


(recall Exercise 1 1.1 3D . 

First, why does there exist a volume form f1 satisfying (I3.1.4D ? Since —% £ 
Ci(M) and — \/^ldd log Wq € c\(M) we have 

X = log Wq + V—lddf = V^ldd\og(u}Qef), 

for some real valued function /. Hence we may take H = woe^ +c where c is a 
constant chosen so that j M Q = f M ujq. 

We now prove the claim. Suppose that ip solves (13.1. 3D and set w(i) = 
w t + y/^lddip. Then 

= X + V^lddlog = —Ric(w) 
at s l 

with w| t= o = Wo as required. The other direction is left as an exercise. 

Exercise 3.1. Finish the proof of the claim that (13.1.3D is equivalent to (12.1. ID . 

To prove Theorem 12.21 we will establish: 

Proposition 3.1. Let ip = tp{t) solve \S.1.S\) on [OjS 1 ). Then for each k = 
0,1,2,... there exists a positive constant Ak such that on [0, S), 

ll^llc fc (M) ^ lddip ^ ——wo- 

The point here is that the bounds are independent of t. Recall that the C k 
norm of a function is defined by taking the sum of the sup norms of the 0th 
through fcth derivatives of the function (with respect to some fixed Riemannian 
metric). 

Given Proposition 13.11 we will complete the proof of Theorem 12.21 Since 
the bounds on ip are independent of t in [0, S) we can apply the Arzela-Ascoli 
Theorem to see that for a sequence of times ti —> S, 

ip(ti ) —y p(S) in C°° as i —> oo, 
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for a smooth function <p(S) with ui(S) := ojq + V^ldidp(S) ^ > 0. 

Indeed, the Arzela-Ascoli Theorem says in particular that if {fj} is a sequence 
of functions bounded in C k+1 (M) then there exists a convergence subsequence 
in C k {M). Using a diagonal argument, the C°° estimates of Proposition l3.ll give 
C°° convergence (i.e. convergence in every C k norm) of for a sequence of 
times ti —> S. 

In fact since p is bounded, p(t) converges to a unique p(S) as t —> S (see 
Exercise 13.21 below - ). Now apply Hamilton’s Theorem 13.11 to obtain a solution 
to the Kahler-Ricci flow starting at uj(S), for at least some short time [0,e). 
Putting the two solutions together we obtain a solution to the Kalrler-Ricci flow 
starting at ujq on the interval [0, S + e). But this contradicts the maximality of 
S. 

Exercise 3.2. For t £ [0,To) (with 0 < To ^ oo), let ft : M —>■ R be a family 
of smooth functions which are uniformly bounded in C°° , independent of t. 

(a) Suppose that for some function / : M —► R, we have 

ft~>f pointwise on M, as t —> T 0 . 

Then f t converges in C°° to /. In particular, / is smooth. 

(b) Suppose that To < oo and dft/dt is uniformly bounded. Then show that 
there exists a unique smooth function / : M —> R such that ft converges 
in C°° to /. 

It remains then to prove Proposition 13.II 

3.2 Estimates on (p and ip 

In this and the next section, we will make use of the maximum principle to 
prove Proposition 13.II We use only a simple version of the maximum principle, 
a consequence of elementary calculus, which can be stated as follows: 

The maximum principle. Let / = f(x,t) be a smooth function on M x [0, o] 
for a > 0 and M a compact manifold. Then / achieves a global maximum at 
some point (a:o,to) G M x [0, a]. At xq we have 


\f^Tddf(x 0 ,t 0 ) < 0. 


The sign of — f(xo,to) depends on the value of t 0 . There are three cases (Figure 
at 

& 

(i) If t 0 = 0 then ^-f(x 0 ,t 0 ) < 0. 

at 

(ii) If to e (0, a) then ^f(x 0 ,t 0 ) = 0. 
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(iii) If t 0 = a then — f(x 0 ,t 0 ) > 0. 

d 

In particular, if to 7 ^ 0 then — f(xo,to) ^ 0. 



> t 



> t 



Figure 3.2: The time derivative at the maximum of / 

Of course we can replace maximum by minimum, if we reverse all the in¬ 
equalities. 

We apply the maximum principle to prove estimates on ip = tp(t) which we 
assume solves (13.1.31) on [0, S ). The following two lemmas are due to Tian-Zhang 

IZSI- 

Lemma 3.1. There exists a uniform constant C so that on M x [0, S'), 

M < c. 

Proof. Define a function if = ip — At for a constant A which we will specify 
later. Compute 

d {ti t + v^l ddip) n (ti t + y^lddif) n 

__V> = iog---.4 = log-n- A. 

At a point when \/—\ddip ^ 0 we have tit + \Z-lddip ^ tit and so 

, @t + /, w? 

log-jj- 


We now pick 


A = sup log —A + 1 . 


Mx[0,S] 


n 


Observe that tit is a smooth family of Kahler metrics on [0, S] (this uses the 
assumption that S < T) and hence A is a uniform constant. Then if \J— lddip ^ 
0 , we have 
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We can now use this to deduce that the maximum of ip must occur at t = 0, 
which gives an upper bound for ip and hence for tp. 

Let’s make this last part more precise. Fix a € (0, S). Then ip is a smooth 
function on M x [0, a]. Suppose that ip achieves a maximum at (xo, to). If to > 0 
then ip ^ 0 at (xo,to), contradicting the inequality -j^ip —1 above. Hence 
the maximum of ip on M x [0, a] is achieved at t = 0. Recalling that p\t=o = 0, 
we obtain that ip ^ 0 on M x [0, a] and hence 

p ^ At ^ AS on M x [0, a]. 

Since a was an arbitrary number in (0, S'), this gives the uniform upper bound 
C = AS for ip on M x [0, S). 

The lower bound is left as an exercise. □ 

Exercise 3.3. Complete the proof of Lemma 137X1 

Next we bound p := which is equivalent to a bound on the volume form 
of the evolving metric. 

Lemma 3.2. There exists a uniform constant C > 0 so that on M x [0, S'), 

M < c, 


and 

C’-'n <^uj n < cn. 

Proof. For the lower bound of p define 


Q = {S — t + e)tp + (p + nt, 


where e > 0 is a positive constant to be determined later. Differentiating (13.1.31) 
with respect to t and recalling (11.4.21) . (13.1.11) and (13.1.21) . 


d ( d — \ 

—tp = tr w f — (w t + V^lddp)) =Atp + tr ul x , 

where tr is defined by Exercise 1 1.1 21 Here, the Laplace operator A is defined by 


A/ := tr u (V^lddf) = g^fydjf, 

for a function /. It then follows that 

(J^ - A^j Q = (S - t + s)tr u x -p+p-Ap+n 

= (S — t + e)tr w x - tr w (u> — A t ) + n 
= tr w ((S -t + e)x + w 0 + tx) 

= tr w (As +ex) > 0, 


if we choose £ > 0 small enough so that tbs + ex is positive definite (recall 
that Cjs is a Kahler metric). We now apply the maximum principle (strictly 
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speaking, the minimum principle). If Q achieves a minimum on some compact 
time interval then at that minimum, we must have either to = 0 or both -^Q ^ 0 
and A Q ^ 0. But the above inequality shows that the latter cannot occur and 
hence the minimum of Q must occur at to = 0. It follows that for t £ [0, S ), 

(S — t + e)ip + ip + nt ^ —C, 

and hence 

p > - ( — C — nS — sup \ip\ ] := C', 

£ \ Mx[0,S) J 

since \ip\ is bounded by Lemma l3.ll The upper bound for p is left as an exercise. 

The estimate on the volume form follows immediately from the equation 
(13.1.31) and the bound on ip. □ 

Exercise 3.4. Complete the proof of Lemma 15721 

A remark about constants: in what follows we will often use C, C' etc to 
denote a uniform constant (the uniformity should be clear from the context) 
which may differ from line to line. 


3.3 Estimate on the metric 

We next bound the evolving metric u> = ui (t). 

Lemma 3.3. There exists a unform constant C such that on M x [0, S'), 

tr wo u < C. 

This result follows from the argument of Cao [7|, and is a parabolic version 
of an estimate of Yau [SI] and Aubin JT] (an alternative approach is to prove a 
parabolic Schwarz lemma [S3j[SD]). Note that once we have Lemma I5~51 together 
with the bound on the volume from Lemma 13.21 we have 

C~ l u)o < to < Cu o, (3.3.1) 

for a uniform positive constant C > 0. Indeed, this follows from the next 
exercise: 

Exercise 3.5. Let u> and u >o be Kahler metrics. Suppose there exists a uniform 
constant C > 0 such that 

< u n < Cu>S. 

Then 

tragic < Ci <(==> tr^w 0 < C 2 —wo < w < C 3 uj 0 , 

L3 

where each constant C* > 0 can depend on C and the constant Cj in the bound 
that is being assumed. So for example, in proving the first implication =>, C 2 
may depend on C and Ci. Hint: choose coordinates so that go is the identity 
and g is diagonal. 
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Proof of Lemma 1 3. ,‘A We require two key calculations. The first is 


where 



(t) = - 


logtr^o; = —r^—g ij R% ek 9 k I + (t). 
tr^ 0 w J 

gfg^g^hk^g p j |dtr^ 0 w | 2 
tr Wo w (tr^ 0 w ) 2 ' 


(3.3.2) 


(3.3.3) 


Here, we are using R°.-A k and V° to denote the curvature tensor and covariant 
derivative with respect to go. The second calculation is the inequality: 


(tKo, 


(3.3.4) 


which we will leave as an exercise (see below). 

Given these two calculations, we can easily complete the proof of the lemma. 
We define a quantity 

Q = logtr Wo w - Ap, 

where A ^ 1 is a constant to be determined soon. We note that by an elementary 
local calculation, 

\g lJ R°J k g kl \ Cq (tr w w 0 )(tr Wo w), 

for a uniform constant Cq which depends only on the curvature of go- Then 
from (13.3.21) . (13.3.31) . (13.3.41) we have 

d \ 

— - A j Q ^ Cotr^wo - Aip + Akp 

= Cotr^wo - Ap + - Cj t ) 

^ tr w (GoWo — ACjt) + C'A, 

where we have used the fact that p is bounded. Now choose A large enough so 
that 

Go wo — ACt A —wo- 

Since the family of reference metrics ih t is uniformly bounded, the constant A is 
uniform. Then at a point (xo,to) where Q achieves a maximum, assuming that 
to 7 ^ 0 , we have by the maximum principle, 


0 —tr w wo T G A , 

and hence tr^wo ^ G at (xo,fo)- From Exercise 13.51 we obtain at (xo,fo), 

tr Wo w ^ G. 

But since p is uniformly bounded, we see that Q is bounded from above at 
(xq, to) and hence 


logtr Wo w — Ap ^ G on M x [0, S). 
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Note that the case when to = 0 is trivial. Again using the fact that ip is uniformly 
bounded we obtain 

tr uqW < C on M x [0, S), 

as required. 

It remains to establish (13.3.21) . Since it is an inequality of tensors, we are 
free to choose any coordinate system centered at a fixed point x, say. We 
choose holomorphic normal coordinates for go as provided by Lemma ll.il First 
compute using (12.1.11) . 


d_ 

dt 


log tr Wo w 


1 


tr Uo UJ 


tr ^ 0 





tr Uo uA u 13 


(3.3.5) 


Next, using the fact that the first derivatives of go vanish at x, 


Atr Wo u; = gvdidjigpga) = 9 l1 (d z djgf)g kl + g* gfd^g kI . 
But, applying the formula (11.4.11) with the metric g 0 , 


didjgo* = - di(gfgo q dj{g 0 )pq ) = -gtfg^didjMpq = R°J k . 
Combining the above and using (II. 4. ID with the metric g , 


Atr Uo u = g'*l%‘*ga-g'’gS t R m 


= g i3 R% Ik 9 k -e - gfRu + 9 fj gf 

where for the last equality we use g 13 Rfj k j = R k j and, at the point x, = di. 
Then from (13.3.5D . 

' d 


- A logtr^w 


dt 


d , , Atr w w 

= vr; logtr^ 0 o; — —-h 

at tr W0 w 


1 


tr^ 0 w 


■gJR.i- 


i 


tr wn u; 


\dtTu> 0 Uj\ 2 g 

(tr^o w ) 2 
(g ll R% Ik g k i - 9o J R k -e + 


\dtl u: 0 Oj\ 2 g 

(tr^oW ) 2 


tr Uo w‘ 


g rj RV k 9u + { t)> 


as required. 


□ 


In the proof, we made use of: 

Exercise 3.6. Show that (f) ^ 0 as follows. Define 


Riik ^i9 k j 


O k {tT Wo w) 


tr Wo w 9l3 ’ 
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and then show that 


0 < g l 0 q g pl g u B ilk B m = SoW*V^-V^ 


— n iq r,Pi n kl X 7 °, 


|dtr Uo uj\ 2 g 
tr Wo w 


3.4 Higher order estimates 


We now complete the proof of Proposition 13.11 and hence Theorem 12.21 Given 
Lemma 13.31 the proof of Proposition 13.11 follows from fairly standard parabolic 
theory, which we will quote without proof. We already have from (13.3.11) the 
estimate 

W = tit + (p ^ —u/ 0 , 


and we also have immediately 


\\f^lddip\ go < C. 


We can then apply the parabolic Evans-Krylov theory [181 HD] (for a proof in 
the complex setting see [25]) to obtain the parabolic Schauder estimate 


| M | c 2 +“> 1 +“/2 < C , 


where the 1 + a/2 refers to the derivative in the t direction. An alternative 
to using Evans-Krylov is to prove “Calabi” and curvature estimates using the 
maximum principle [H 0 HU [50l [5l] [55] . The higher order estimates for <p follow 
from a simple “bootstrap” argument. Indeed, we can apply the differential 
operator L = say to (13.1.31) to obtain, locally, 

= giidi&jHv) + ~ L (log(fi)). 

This is a linear parabolic equation in L(ip) with coefficients in C a, “/ 2 . The 
standard parabolic estimates (see for example [13]) give a ( 7 2 + a d+a /2 } )0U11 d for 
L(p). Since L was any first order operator with constant coefficients, we obtain 
a bound for tp in C' 3 +“> 1 +“/ 2 . This gives higher regularity for the coefficients 
of the parabolic equation above, and we repeat the argument to obtain higher 
regularity for tp. Thus we obtain bounds for ip in all derivatives. 
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Chapter 4 

Convergence results 


In this lecture we describe convergence results for the Kahler-Ricci flow in the 
case when the first Chern class of M is negative or zero. 


4.1 Negative first Chern class 

Let (M, wo) be a compact Kahler manifold with ci(M) < 0. Observe that 

T = sup{t > 0 | [w 0 ] — tci(M) > 0} = oo 

and hence there is a solution to the Kahler-Ricci flow for all time. Note however 
that the Kahler class [w(f)] becomes unbounded as t —> oo, so there is no chance 
that the flow can converge to a smooth Kahler metric. For this reason, we 
rescale the flow as follows. 

Suppose that w(s) solves the Kahler-Ricci flow J^w(s) = —Ric(w(s)) on 
[0, oo) with w(0) = wo- Define 


;(t) = ——-w(s), t = log(s + l). 

s + 1 


Then w(0) = ujq and 


<9 1 

dt° ^ (s + l) 2 dt 


dS w(s)-7T3I 4z Q ( s ) = “ Ric(w(t)), 


s + 1 dt ds 

where we have used (12.1.31) for the last equality. We call this equation. 

d 


dt 


= —Ric(w) - w, w|( =0 =wo, 


(4.1.1) 


the normalized Kahler-Ricci flow. Whenever Ci(M) < 0, we have a solution to 
this flow for all time. Moreover, the Kahler class [w(t)] satisfies the ordinary 
differential equation 

j t [w(t)] = -c 1 (M)-[u(t)], Mt)] = [w 0 ], 


30 







whose solution is 


[w(t)] = e *[wo] + (1 — e *)[—ci (M)]. (4-1-2) 

Thus [w(f)] moves in a straight line from [wo] to the Kahler class —ci(M). 

In this section, we prove the following theorem. 

Theorem 4.1. Suppose that ci (M) < 0. Then starting at any Kahler metric 
wo the solution to the normalized Kahler-Ricci flow \4- 1- 1\ ) exists for all time 
and converges in C°° to a Kahler-Einstein metric wke, which satisfies 

RIc(wke) = —w K e- (4.1.3) 

Moreover, wke is the unique Kahler metric solving H4-l-3\ ). 

The existence of a solution to (14.1.311 was proved independently by Yau [84] 
and Aubin [T] in the 1970s, and the uniqueness was shown earlier by Calabi [Sj. 
H.-D. Cao [7] proved that the Kahler-Ricci flow starting at any Kahler metric 
w 0 in the class —C\{M) converges to a solution of (14.1.31) . giving a parabolic 
proof of the result of Yau and Aubin. The theorem we state here is slightly 
more general than Cao’s result, since we allow wo to lie in an arbitrary Kahler 
class. Theorem [4J] follows from the work of Tsuji [8T and Tian-Zhang m who 
dealt more generally with Kahler manifolds with —ci(M) being positive in a 
weaker sense (more precisely, when M has big and nef canonical bundle, also 
known as a smooth minimal model of general type). 

As in the previous section, we reduce the flow equation (14.1.11) to a parabolic 
complex Monge-Ampere equation. We first need to pick reference Kahler metrics 
in the cohomology class [w(t)]. Since ci(M) < 0 there exists a Kahler metric 
Woo in — c\(M ), which we fix once and for all. Define 

w* = e ‘wo + (1 — e *)woo, 

which clearly lies in [w(t)] given by (14.1.21) . Next, we fix a volume form Q 
satisfying 

V—'199 log = Woo > f f Wq. (4-1-4) 

Jm J m 

Exercise 4.1. Show that there exists a volume form f l satisfying (14.1.41) . 

We can then rewrite the normalized Kahler-Ricci flow as the parabolic com¬ 
plex Monge-Ampere equation: 

= log {yUJ * + -Vb d dip > 0, ip\ t =o = 0, (4.1.5) 

Exercise 4.2. Show that (14.1. ID is equivalent to (14.1.5D . 

From now on let ip(t) solve (14.1. 5|) . We wish to prove estimates for tp which 
are independent of t. 
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Proposition 4.1. Let <p = ip(t) solve h4-1.5\ ) for t G [0,oo). Then for each 
k = 0, 1 , 2, ... there exists a positive constant Asuch that on [0, oo), 

IMI c k (M) < > -pw 0 . 

A) 

In the same way that we proved Proposition 13.11 we begin by establishing 
estimates on ip and ip. In this case we can prove stronger estimates which 
improve as t —> oo. 

Lemma 4.1. There exists a uniform constant C > 0 such that on M x [0, oo), 
(i) \y(t)\ < C. 

(a) |^(*)| < c(t + l)e _t . 

(Hi) There exists a continuous function (poo on M such that 

\tp(t) ~ Tool < Ce~ t/2 . 


(iv) c-'n < uj n < cn. 

Proof. Part (i) is left as an exercise. For (ii), we use an argument of Tian-Zhang 

(2S3- Compute 




tr “(JK 

p = p - tr u (w 


— <P = tr w (—e 4 w 0 + e 4 Woo) - T 

■&t) = T — n + tr W (e _t w 0 + (1 - e _t )woo). 


Then we have 

(eV) = tr w (-w 0 + Woo) (4.1.6) 

and 

(0 + + nt) = tr^Woo- (4-1.7) 

ve obtain 

l)y> — — nt) = —tr^wo < 0. 

It then follows from the maximum principle that 

(e* — 1 )ip — <p — nt ^ 0, 

and since ip is bounded by (i), this gives the upper bound ip C(t + l)e _t . 

For the lower bound of ip we add a large multiple of (14.1.71) to (14.1.61) . 



Subtracting (14.1.71) from (14.1.61) . 




((e* + A)ip + A(p T- Ant ) — tr w (—■ u>q + tOoo + Aojcc) > 0 
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where A is a constant chosen so that ACjoo ^ ujq. Then 


ip ^ — C(1 + t)e 4 


follows from the minimum principle. 

For (iii), compute for s > t and x £ M, 


I <p(x,s) 


I = 


ip(x,u)di 


^ / \ip{x,u)\du 


<C^ e~ u,2 du = 2C(e~ t/2 — e _s/2 ), 


(4.1.8) 


since from (ii) we have \p\ ^ Ce 4 / 2 . Then from (14.1.8|) . ip{t) converges uni¬ 
formly to a continuous function </?oo • Taking the limit in (14.1.811 as s —> oo gives 
(iii). 

Part (iv) follows from (i) and (ii). □ 

Exercise 4.3. Prove part (i) of Lemma 14.11 
Next we prove a bound on the metric. 

Lemma 4.2. There exists a uniform constant C such that on M x [0,oo), 

C~ x ujo ^ to(t) < Ccoo- 


Proof. The proof is similar to that of Lemma, I .'j.31 so we will be brief. First, to 
bound the trace of u> with respect to ujq, we claim that 

logtr U0 w ^ Cotr^wo - 1, (4.1.9) 



for a uniform Cq- This calculation is left as an exercise. 

Now define Q = logtr^ 0 u; — Aip, for A to be determined. Calculate 

Cotr^wo - 1 - Aip + Htr w (u; - Cj t ). 



Choose A sufficiently large so that ACj t ^ (Co + l)n>o, which we can do so since 
the metrics Cjt are uniformly bounded as t —> oo. Hence 


tr^w 0 < C 


at the maximum of Q (if occuring at t 0 > 0), using the fact yp is bounded by 
part (ii) of Lemma 14.11 From Exercise 13.51 and Lemma 14.11 again, we see that 
tr Wo u; and hence Q is bounded from above at the maximum of Q. The lemma 
follows by using Exercise 13.51 once more. □ 

Exercise 4.4. Prove the inequality (14.1.91) . 

We now have everything we need to obtain the C°° estimates: 
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Proof of Proposition EH The argument follows in exactly the same way as in 
Section 13.41 The only difference is that we are dealing with the normalized 
Kahler-Ricci flow, but this only adds a harmless term. □ 


To finish the proof of Theorem l4.ll we need to prove convergence to a unique 
Kahler-Einstein metric. From part (iii) of Lemma 14. II 


\p(t) - <£oo| < Ce t/2 , 


we know that ip(t) converges uniformly exponentially fast to ipoo- But since we 
have C°° estimates from Proposition 14.11 we can apply the Exercise 13.21 to see 
that <p(t) converges to ipcc in C°°, and in particular ipoo is smooth. 

Next, we apply part (ii) of Lemma 14. II 

M ^ C(t + l)e *, 


to see that f> converges in C°° to 0. Then taking the limit as t —> oo of (14.1.51) 
we obtain 


0 = log 


(Woo + V^ddipooY 

n 


Po 


Taking \J — ldd of both sides of this equation and recalling (14.1.41) . we have 
Ric(woo + V^lddffoo) + Woo + V-lddpoo = 0, 


or, in other words, Woo + y/~Iddip satisfies the Kahler-Einstein equation (14.1.31) . 

It remains to prove the uniqueness of solutions to the Kahler-Einstein equa¬ 
tion. Suppose that wke and w EE are two solutions of (14.1.31) . Then wke,Wk E 
both lie in —c\(M) and so by the dd Lemma we can write 

w ke = w ke + V—lddif 


for some function if. We have 

Ric(wK E ) = ^Wke = w KE - V^ldd^ = R1c(w K e) - V^lddtf, 


and hence 


-y^ddlog ^ = -V^lddif. 


LU¬ 


KE 


Applying Exercise 1 2.1i we have 


(wke + V^tddifY 
log- - -= if + C, 


Ul- 


KE 


for some constant C. We now apply the maximum principle to if (a simpler 
version of the maximum principle, where the function has no dependence on t). 
At the maximum of if + C, we have \J—lddif ^ 0 and so at this point if + C ^ 0. 
By considering similarly the minimum of if + C we obtain if + C ^ 0 and hence 
if is constant and wke = w EE . 

This completes the proof of Theorem 14.11 
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4.2 Zero first Chern class 

We now consider the case when Ci(M) = 0. Fix any Kahler metric wo- We have 

T = sup{f > 0 | [w 0 ] — tci(M) > 0} = oo, 

and so a solution to the Kahler-Ricci flow exists for all time. The Kahler class 
[w(t)] does not move, and so unlike the case of C\{M) < 0 there is no need to 
rescale the flow. 

The behavior of the Kahler-Ricci flow is given by the following theorem: 

Theorem 4.2. Suppose ci(M) = 0. Then starting at any Kahler metric wo, the 
Kahler-Ricci flow \2.1.1\) exists for all time and converges in C°° to a Kdhler- 
Einstein metric wke satisfying 


Ric(w KE ) = 0. (4.2.1) 

Moreover, w E e is the unique Kahler metric in [wo] satisfying {4.2.1}) . 

The existence of a Kahler metric wke in each Kahler class satisfying (14.2.ID 
is due to Yau, and the uniqueness part was already established by Calabi [3,. 
H.-D. Cao [7] proved Theorem 14.21 making use of Yau’s L°° estimate for the 
complex Monge-Ampere equation |84j : 

Theorem 4.3. Let (M,u>o) be a compact Kahler manifold and let F : M -» R be 
a smooth function. Suppose that 9 satisfies the complex Monge-Ampere equation 

(wq + V—ldd 9) n = e F ujQ, wo + y/—ld( d9 > 0. 


Then 

oscid ) := sup 9 — inf 9 < C, 

M M 

for a constant depending only on (M, wo) and sup M F. 

Note that if 9 in this theorem is normalized by J M 9co n = 0, say, then the 
conclusion of the theorem is that ||d||L~ = sup M |0| ^ C. We will omit the proof 
of Yau’s Theorem 14.31 and proceed to prove Theorem 14.21 

We first prove the uniqueness part of Theorem 14.21 Suppose wke and 
are solutions of (14.2.ID in the same Kahler class. Then we can write oj^e = 
wke + ^/—Tddip for some smooth function if. Since RIc(wke) = Ric(w( CE ) = 0 
we have 

yri^iog^ = 0; 

W KE 

and so log(w EE /w EE ) is a constant. Since the integral of w EE is the same as the 
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integral of w EE we have w EE = w EE . Then using Stokes’ Theorem, 

0 = f V'C^KE — w Ke) = 

JM 


where for the last inequality we are using the fact that all the terms that we are 
throwing away are nonnegative. Hence p must be a constant and uke = w EE . 

We now return to the Kahler-Ricci flow, and as usual reduce the flow equa¬ 
tion (12.1.11) to a parabolic complex Monge-Ampere equation. The Kahler class 
does not change along the flow so we can choose wo as a reference metric. Since 
C\{M) = 0, there exists a volume form H with 


n U 1 

/ ^(wke — w ke) A ^ w EE A w EE 1 \ 

Jm i—0 

,, n— 1 

— / — ldd'i/j A ^ke A ^ke 1 

z=0 

r. n— 1 

i—0 

[ A <9^ A = — f \dip\ 

jm 71 Jm 


2 n 
uke W I<E> 


\/^l<9<9 log fl = 0 and / H = f cjq. 

Jm Jm 

Then the Kahler-Ricci flow is equivalent to: 

= log + ’ w 0 + V^lddip > 0, y>|t=o = 0. (4.2.2) 

From now on, let y> = ip(t) solve this equation (14.2.21) . We have the following 
lemma. 

Lemma 4.3. There exists a uniform constant C > 0 such that on M x [0, oo), 

(i) \p\ < C. 

(ii) crHi ^ uj n < cn. 

(in) osc(y?) < G. 

Proof. For (i), compute 

d ■ 

Wt v = Av - 

Then the bound on ip follows from the maximum principle (see the next exer¬ 
cise). Part (ii) follows from (i). Part (iii) also follows from (i) together with 
Theorem fOl □ 

We made use of: 
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Exercise 4.5. On a compact Kahler manifold M, let / = f(x,t ) satisfy the 
heat equation 

= A/, f\t=o = fo, 

where A is the Laplacian associated to g(t) 1 an arbitrary family of Kahler met¬ 
rics. Then show that on M x [0, oo), 

|/| < sup|/ 0 |. 

M 

Hint: consider f ± et. 

Next we prove an estimate on the evolving metric ui(t). Note that there is 
a complication here which did not appear in the case of ci(M) < 0 nor in the 
proof of Theorem l2.2l it arises because we only have a bound on the oscillation 
osc(<p) and not on \p\. 

Lemma 4.4. There exists a uniform constant C such that on M x [0,oo), 

C ^ cu(t) ^ Cu 0 . 

Proof. We claim that there exist uniform constants C and A such that for 
(x, t) € M x [0, oo), 


(tr Uo u/)(x,t) ^ C exp A ip(x,t) — inf <p 
' ' m x [o,t] 


(4.2.3) 


To prove (14.2.31) . apply the maximum principle to the quantity Q = logtr^w — 
Ap for a large constant A, as in the proofs of Lemmas 13.31 and 14.21 The details 
are left as the next exercise. 

Now define 


ip = <p — — [ ipfl, where V = 
V J M 


n = 


M 




Since the oscillation of <p is bounded, \(p\ is uniformly bounded. From (14.2.31) . 
we have 

(tr Wo w)(x,t) < Cexp ( A (<p(x,t) + 77 f <p(t)Q - inf (p - inf [ pfi)) 

V V V J M Mx[0,t] [0 ,t]V J M )) 


where for the last inequality we used the bound on \(p\. But, 


1 

dt \V 


p(t)n = 


IM 


V 


(fiQ = 


M 


V 


M 


log 


~n 


n < log 


UJ 


M 


= 0 , 


by Jensen’s inequality. Hence 



inf / <p£l 
[0,t] JM 


and so we have a uniform upper bound for tr Uo u>. The result then follows by 
applying Exercise 13.51 and the volume bound of Lemma 14.31 □ 
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Exercise 4.6. Prove the claim (14. 2. 3D . 

As in the previous section, we have estimates on tp to all orders: 

Proposition 4.2. Let ip = <p(t) solve \4-2-2ty for t € [0,oo). Then for each 
k = 0,1, 2 ,... there exists a positive constant Ak such that on [0, oo), 

IMIc*(m) ^ w o + y/—lddtp ^ -j— wo- 

Aq 


Now we have estimates for the solution to the Kahler-Ricci flow, we know we 
have sequential C°° convergence of ip(t) to some smooth function (p^, say (not 
a priori unique). To obtain smooth convergence to a Kahler-Einstein metric, 
we need a further argument. In the absence of a decay estimate like that of 
Lemma 14.II part (ii), we use an argument of Phong-Sturm [55] and make use of 
a functional that decreases along the flow. 

Define 

Pit) = [ puP. 

JM 

We leave it as an exercise to show that 



1 

n 



\d<p\ 2 g " n < 0 . 


(4.2.4) 


Exercise 4.7. Prove (14.2.4D . 

From Lemma l4~3l P(t) is bounded. Since it is decreasing, it follows that for 
a sequence of times U € [i, i + 1], we have 




(U) > 0 - 


Indeed if not there would exist e > 0 and infinitely many time intervals [ij, ij + 1] 
on which 

[ > e, 

JM 

contradicting the fact that 

p( S )- P ( o)=-- r [ \d<p\iu n dt 

n JO JM 

is bounded as s —> oo. 

Hence, from the C°° estimates, pitf) converges (after passing to a subse¬ 
quence) to a smooth function <p^ with 

_ _ 

log = constant, for Woo := wo + y/—lddipoo, 
and taking \f^ldd gives 

Ric(woo) = -\/^T991ogf2 = 0. 
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Then Woo = wke, the unique Kahler-Einstein metric in the class [wo]. We 
have proved smooth convergence of the flow to wke for some sequence of times 
U oo. 

To prove full convergence, we make use of the following exercise. 


Exercise 4.8. Show that 


fP >r dP 
dt 2 " dt ’ 


for some uniform C (making use of the C'°° estimates). 


dP 

dt 


0 . 


Hence show that 


Given this, we obtain smooth convergence using the uniqueness of solutions 
to the Kahler-Einstein equation (14. 2. ID . Indeed, suppose for a contradiction 
that we do not have convergence of u>(t) to wke- Then there exists a sequence 
of times U —> oo so that, after passing to a subsequence, uj(ti) converges in C°° 
to ^ wke- But since 


it follows from the above argument that £ [wq] also satisfies 


Ric KJ = o, 


contradicting the uniqueness of Kahler-Einstein metrics in [wo] ■ This completes 
the proof of Theorem 14.21 
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Chapter 5 


The Kahler-Ricci flow on 
Kahler surfaces, and 
beyond 


In this lecture we will discuss, informally and without proofs, the behavior of the 
Kahler-Ricci flow on Kahler manifolds of complex dimension two. We will also 
describe a flow, known as the Chern-Ricci flow, which makes sense on complex 
manifolds which do not admit Kahler metrics. 


5.1 Riemann surfaces 

First, let (M, wo) be a compact Kahler manifold of complex dimension 1. All 
such manifolds either have ci(M) < 0, ci(M) = 0 or c\{M) > 0. These cor¬ 
respond topologically to surfaces with genus > 1, genus 1 (a torus) or genus 0 
(the 2-sphere). 

We know from the previous lecture that if Ci(M) < 0 the Kahler-Ricci 
flow exists for all time with the volume of the manifold tending to infinity. If 
we rescale the metric so that the volume remains bounded, then the normalized 
Kahler-Ricci flow converges at infinity to a Kahler-Einstein metric with negative 
Ricci curvature. 

In the case c\(M) = 0 the Kahler-Ricci flow exists for all time and converges 
at infinity to a Kahler-Einstein metric with zero Ricci curvature. 

This only leaves c\{M) > 0 which is precisely the case of P 1 . We saw from 
Example 12. II that when starting from the standard Fubini-Study metric, the P 1 
shrinks to a point along the Kahler-Ricci flow. It is a deep result of Hamilton 
[34| and Chow m that starting at any Kahler metric on P 1 , the Kahler-Ricci 
flow shrinks to a point in finite time, and if rescaled so that the flow exists for 
all time, converges smoothly to a Kahler-Einstein metric on P 1 . The limiting 
metric is not necessarily the Fubini-Study metric, but is related to it by a 
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biholomorphism. 

This is essentially the full picture for the Kahler-Ricci flow on a compact 
Riemann surface (at least, for smooth initial metrics, cf. ;24( 14511. 

5.2 Kahler surfaces, blowing up and Kodaira di¬ 
mension 

Let M be a compact manifold of complex dimension 2. We call this a complex 
surface (not to be confused with a Riemann surface!) and a Kahler surface if it 
admits a Kahler metric, ui o, say. There is a classification for complex surfaces, 
known as the Kodaira-Enriques classification (see [2] for example). However, it 
is much more complicated than the picture for Riemann surfaces, and in fact 
there are still some gaps to be filled. 

One reason that there are “many more” Kahler surfaces than Riemann sur¬ 
faces comes from the blow-up procedure. This is a way of constructing a new 
complex surface from an old one. We explain this in the simple case of the (non 
compact) complex manifold C 2 . The blow-up of C 2 at 0 is defined to be 

BloC 2 = {(z, t) e C 2 XP 1 I zee}. 

Recall that points £ in P 1 can be regarded as complex lines through the origin 
in C 2 , so this definition makes sense. B1 0 C 2 is a complex submanifold of C 2 x P 1 
of codimension 1 (it is given by a single defining equation) and hence is complex 
manifold of dimension 2. There is a holomorphic map 

7r : B1 0 C 2 —> C 2 , tt(z,£) = z , 

called the blow-up map. This map is certainly surjective, and since each non 
zero element of C 2 lies on a unique line through the origin in C 2 , 7r is injective 
away from 7r _1 (0). Since zero lies in every l in P 1 , we have 7r _1 (0) = P 1 . This 
set is called the exceptional curve , which we write as E. The map 7r is in fact a 
biholomorphism from BloC 2 — E to C 2 — {0}, and maps E to 0 (see for example 

EH). 

What we have done here is replace a single point 0 in C 2 with a copy of 
P 1 , which we call the exceptional curve E, which represents all of the directions 
through 0. This is in fact a local process, and can be performed on any complex 
surface M with a designated point p to produce a new complex surface Bl p M of 
the same dimension, the blow-up of M at p. The new surface Bl p Af has “more 
topology” than M due to this extra P 1 , and indeed the second Betti number of 
BlpM is exactly one more than the second Betti number of M. 

We can reverse the process of blowing up. If a complex surface M contains 
a P 1 which looks locally like the P 1 inside BloC 2 (i.e. same normal bundle) then 
we say this is an exceptional curve E. It’s a theorem that there exists a map 
7 r : M —^ N to a new surface N which blows down the curve E C M to a point 
p G N. 
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If M contains no exceptional curves, then we say that M is minimal. M can 
also be called a minimal model. Given the results we just stated, it is rather 
easy to see that given any compact complex surface M we can obtain a minimal 
model by a finite sequence of blow downs. Indeed, if an exceptional curve exists 
then blow it down. This process reduces the second Betti number by one and 
hence must terminate after finitely many steps. This simple algorithm is the 
baby version of the minimal model program and was known to the classical 
algebraic geometers. Its analogue in higher dimensions is far more complicated 
and the subject of much recent research (see for example 0 ). 

We now return to the Kahler-Ricci flow. A calculation shows that if we 
integrate the Ricci curvature of a Kahler metric over an exceptional curve E, 
we obtain 


/ Ric(w) = 27 t, 

J e 


and this formula is independent of the choice of Kahler metric and of the surface 
in which the exceptional curve E is contained (algebraic geometers write this 
formula as K ■ E = — 1). Along the Kahler-Ricci flow we have [19j 


d_ 

dt 


<jj = — / Ric(w) = —27 t. 
: J e 


So exceptional curves shrink along the Kahler-Ricci flow. Feldman-Ilmanen- 
Knopf asked [IS]: does the Kahler-Ricci flow blow down exceptional curves? 

Before answering this question, we make a brief digression to define the 
important concept of Kodaira dimension. Let M be a compact complex manifold 
of dimension n. Write I\ for the canonical bundle of M, namely the line bundle 
of holomorphic (n, 0) forms on M. Write for the vector space of 

global holomorphic sections of K. Namely, H°(M,K) is the vector space of 
holomorphic (n, 0) forms on M (which could be the set {0}). Then for £ = 
1,2,..., the space H°(M , K e ) is the space of global holomorphic sections of K e 
(the £th tensor power). If a line bundle has many holomorphic sections, then 
its tensor powers will have many more. The Kodaira dimension measures the 
growth of the dimension of H°(M, K as £ —> oo. 

Define the Kodaira dimension of M to be the smallest integer Kod(M) such 
that 

dim H° (M, K f ) < CY Kod(M) , for £ large, 

with the convention that if H°(M , K e ) = {0} then we take Kod(M) = —oo. It’s 
a fact from algebraic geometry that £ must take one of the values —oo, 0,1,2,..., n. 

We will quote here some basic facts about Kodaira dimension. The first is 
that on a Riemann surface M we have: 


• If ci(M) < 0 then Kod(M) = 1. 

• If ci (M) = 0 then Kod (M) = 0. 

• If ci(M) > 0 then Kod(M) = — oo. 
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Indeed this follows from the fact that C\(M) < 0 corresponds via the Kodaira 
embedding theorem to the statement that K is ample, meaning that has 
lots of global sections for i large. The condition c\{M) > 0 corresponds to AT -1 
being ample, which implies that K c has no nonzero sections for i ^ 1. Finally, 
if a Riemann surface has ci(M) = 0 then K is trivial and dim H°(M, K e ) = 1 
for all i ^ 1. 

The second fact is that Kodaira dimension has the following additive prop¬ 
erty: 

Kod(Mi x M 2 ) = Kod(M!) x Kod(M 2 ). 

Now we can quickly compute some examples in complex dimension two: 

(a) If M is a product of two Riemann surfaces of genus > 1 then Kod(M) = 2. 

(b) If M is a product of a torus and a Riemann surface of genus > 1 then 
Kod(M) = 1. 

(c) If M is a product of two tori then Kod(M) = 0. 

(d) If M is a product of a P 1 with any other Riemann surface then Kod(M) = 
—oo. 

Now returning to the Kahler-Ricci flow: if we put a product Kahler-Einstein 
metric on each of the examples (a)-(d) we notice that the Kahler-Ricci flow 
exists for all time in cases (a)-(c), whereas in (d) we have collapsing of the P 1 
in finite time. Morally speaking: the condition Kod(M) = —oo means that 
there is some “positive curvature” direction which ’’wants to shrink” along the 
flow, whereas Kod(M) ^ 0 means we have only “zero curvature” or “negative 
curvature” directions. 

Finally, the third fact is that Kodaira dimension is invariant under blow-ups: 
Kod(Bl p (M)) = Kod(M). 

5.3 Behavior of the Kahler-Ricci flow on Kahler 
surfaces 

We now describe the behavior of the Kahler-Ricci flow on a Kahler surface. We 
break this up into different cases. 

5.3.1 Non-minimal Kahler surfaces with Kod(M) ^ — oo. 

We first consider the case when Kod(M) ^ 0 (the case Kod(M) = —oo is 
more complicated and will be discussed later). We suppose that M is not 
minimal - i.e. it has at least one exceptional curve. A result of Song and the 
author [M 1 , |MJ says, roughly speaking, that the Kahler-Ricci flow blows 
down exceptional curves finitely many times until obtaining a minimal surface. 
We state the result somewhat informally: 
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Theorem 5.1. Suppose that M is a compact Kahler surface with Kod(M) 
—oo and assume that Ad contains at least one exceptional curve. Then there exist 
finitely many disjoint exceptional curves E \,..., Ek on AT and a map x : AT —» 
M\ blowing them down. The Kahler-Ricci flow exists on [0,T) for some T with 
0 < T < oo and “blows down” E \,..., Ek and continues on the new manifold 
AT i. This process repeats finitely many times until we obtain Mi minimal. On 
Mi the Kahler-Ricci flow exists for all time. 

It should be explained what is meant by the Kahler-Ricci flow “blowing 
down” exceptional curves Ei,..., Ek, since this is the essential content of the 
result (the fact that the flow exists only for a finite time follows easily from 
Theorem as does the fact that the Kahler-Ricci flow exists for all time on 
Mi.) 

We say that the Kahler-Ricci flow blows down E\,... ,Ek if, first, the flow 
g[t) converges smoothly on compact subsets of M \ U Ei to a smooth Kahler 
metric gr and if {M,g(t)) converges globally as a metric space to the metric 
completion of (M \ Second, we insist that there exists a smooth 

solution to the Kahler-Ricci flow on M\ for t > T which converges as t —> T + 
to <?t smoothly on compact subsets away from the points pi := 7r(Ej). Third, 
we require that (Mi,g(t)) converges globally as a metric space to {AT\UEi, gx) 
as t —> T + . Here “converges as a metric space” means convergence in the sense 
of Gromov-Hausdorff (we omit the precise definition here). 

The fact that the Kahler-Ricci flow can be restarted on the new manifold 
Mi makes use of theorem of Song-Tian [62]. The study of the Kahler-Ricci 
flow in relation to the minimal model program was initiated by Song and Tian 
na m ed eu and is known as the analytic minimal model program (see also 

BU)- 

5.3.2 Minimal surfaces with Kod(M) ^ —oo 

Next we discuss the case of what happens on a minimal surface. As stated in the 
theorem above, the flow exists for all time. Indeed, from some basic algebraic 
geometry, every minimal M with Kod(M) y^ —oo has —Ci(M) nef and we can 
apply Exercise [277] and Theorem l2.2l The behavior of the flow as t —> oo depends 
crucially on the Kodaira dimension. 

First suppose that Kod(M) = 2. If ci(M) < 0 then, from the results dis¬ 
cussed in Lecture 4, the flow converges after normalization to a Kahler-Einstein 
metric. Otherwise, the canonical bundle is “big and nef” which means that 
—Ci(M) satisfies a weaker positivity condition. A result of Tsuji [8Tj and Tian- 
Zhang m shows that the normalized flow converges to a Kahler-Einstein metric 
smoothly on compact subsets of M \ V where V is a certain subvariety on M. 

If Kod(M) = 1 then the manifold is a “properly elliptic surface”. Namely, 
there exists a surjective holomorphic map / : M —> S to a Riemann surface S 
with the property that / _1 (s) is a torus for all but finitely many s £ S'. It was 
shown by Song-Tian |6(J] that, in a weak sense, the Kahler-Ricci flow collapses 
these torus fibers and converges to a “generalized Kahler-Einstein metric” on 
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S. This is a metric whose Ricci curvature is given by the negative of the metric 
plus some additional terms arising from the non-product structure of M . In the 
simpler case when M is a product or a smooth fibration (with S necessarily a 
Riemann surface of genus > 1), it was shown in ([6611261122], see also (291) that 
the flow converges smoothly to the Kahler-Einstein metric on S as t —> oo. 

Finally if Kod(M) = 0 then c\(M) = 0 and, by the result discussed in 
Lecture 4, the Kahler-Ricci flow converges smoothly to a Kalrler-Einstein metric 
with zero Ricci curvature. 

Combining these results with that of Theorem 15.11 we see that the Kahler- 
Ricci flow is largely understood if Kod(M) 4 —oo. Moreover, the behavior of 
the flow reflects the geometry of the underlying complex manifold. 

5.3.3 The case of Kod(M) = — oo 

We now discuss the more troublesome case when Kod(M) = —oo. Indeed even 
in the simple case of P 1 x P 1 , Exercise 12.51 shows that very different behavior 
can occur if different initial metrics are chosen. 

We will focus on a slightly more complicated example: let M be P 2 blown up 
at a single point p. Recalling the definition of the blow up of C 2 at the origin, 
we see that in addition to the map n : BloC 2 —> C 2 there is another map 

/ : B1 0 C 2 = {(0, i) € C 2 x P 1 | z G £} -> P 1 , 

given by projection f(z , t) = l onto the second factor. If we compactify C 2 to 
P 2 we have maps 


BlpP 2 P 2 

U 

p i 

and / is a bundle map whose fibers are isomorphic to P 1 . Write w P 2 and w P i 
for the Fubini-Study metric on P 2 and P 1 respectively. 

The Kahler cone of M is given by 

Ka (M) = {x[f*u>pi] +y[Tr*u)p 2 } \ x,y £ R >0 }, 

and the first Chern class of M by 

ci(M) = 2 [tt*u; P 2] + [f*uj P i] > 0. 

There are three different possible behaviors of the Kahler-Ricci flow, depending 
on where the initial Kahler class [wo] lies, as illustrated by Figure l5Tl 

(i) If [w 0 ] lies above the line y = 2x then the Kahler-Ricci flow blows down 
the exceptional curve in the sense described above, and continues on P 2 

[bsumuss]. 


45 


y 



Figure 5.1: Three behaviors of the flow on the blow up of P 2 


(ii) If [wo] lies on the line y = 2x containing C\(M) then the Kahler-Ricci flow 
shrinks to a point in finite time J33] EM]. After rescaling and reparametriz¬ 
ing converges to a Kahler-Ricci soliton (which is a solution of the Kahler- 
Ricci flow which moves by automorphism) [9] [39l [87, ZSl [5TJ ITU H5] . 

(iii) If [w 0 ] lies below the line y = 2x then the Kahler-Ricci flow contracts the 
P 1 fibers and converges at least by sequence in the sense of metric spaces 
to a metric on the base P 1 [63l [59]. 

A general Kahler surface with Kod(Af) = —oo is either P 2 or a P 1 bundle 
over a Riemann surface or is obtained by blowing up one of these manifolds. 
The Kahler-Ricci flow always exhibits one of the three behaviors (i), (ii) or 
(iii) described above. In (ii), the Kahler-Ricci soliton may be “trivial” - i.e. a 
Kahler-Einstein metric izaiznisa. 

5.3.4 Some open problems 

Although much is understood about the Kaher-Ricci flow in the case of Kahler 
surfaces, and the general conjectural picture is now well-laid out, there are a 
number of difficult problems that remain, and we mention here just a few. 

A well-known problem is to understand more precisely the singularity for¬ 
mation when an exceptional curve contracts. Feldman-Ilmanen-Knopf m con¬ 
jectured that the blow-up limit, obtaining by rescaling the metric around the 
singular time, should yield the shrinking non-compact Kahler-Ricci soliton that 
they constructed. This conjecture was confirmed in the example of Section f5.3.31 
assuming symmetric data by Maximo [44] , using a result of Song m that in the 
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symmetric case the singularity is of Type I (meaning that the curvature bound 
|Rm| ^ C/(T — t) holds). Related to this is a folklore conjecture that all finite 
time singularities of the Kahler-Ricci flow are of Type I. Even the question of 
whether the bound on the scalar curvature R < C/(T — t) holds is open (cf. 

ESI). 

The result of Theorem EH] for the Kahler-Ricci flow makes use of results from 
algebraic geometry and Kahler surface theory to prove existence of exceptional 
curves. It would be a long term goal to use the flow to construct algebraic 
objects such as exceptional curves and give new analytic proofs of results in 
algebraic geometry. In this direction, it was shown by Collins-Tosatti [16] that 
in general whenever the Kahler-Ricci flow encounters a noncollapsing singularity, 
the metrics develop singularities precisely along an algebraic variety (proving a 

conjecture of usd- 

Another problem is to understand the global metric behavior of the Kahler- 
Ricci flow as t —> oo in the case of a minimal surface with Kod(M) = 2 when 
ci(M) is not negative. In the case when the variety V (as discussed above) 
is a union of disjoint curves of self-intersection —2, it was shown in [651 that 
the Kahler-Ricci flow converges in the sense of metric spaces to an orbifold 
Kahler-Einstein manifold. The general case of possibly intersecting curves is 
still open. 

It is also an open problem to understand precisely the behavior of the Kahler- 
Ricci flow as t —> oo on a minimal surface with Kod(M) = 1 which is not a 
smooth fibration. The results of Song-Tian [60) give information about conver¬ 
gence of the flow in the sense of currents, but it is still unknown exactly what 
happens to the metrics. Here, difficulties arise from the presence of singular and 
multiple fibers. 

A difficult problem is to understand collapsing along the Kahler-Ricci flow in 
the case of negative Kodaira dimension. Surprisingly, it is still an open problem 
to determine the precise behavior of the flow even in the case of P 1 x P 1 when 
one of the fibers collapses. It was shown by Song-Szekelyhidi-Weinkove [59] that 
the diameter of the collapsing fiber is bounded above by a multiple of (T —f) 1 / 3 , 
but this falls short of the optimal rate of (T — f) 1 / 2 (see also [21]). It is expected 
that the blow-up limit is a product with a flat direction and this has been proved 
under symmetry conditions [20] [521. Underlying this difficulty is the depth of 
the problem of understanding the Kahler-Ricci flow for a general initial metric 
on P 1 (the result of Hamilton and Chow), which still has no simple proof. In 
higher dimensions the problem is far harder, since one could replace the fiber P 1 
by a general Fano manifold, where the behavior of the flow is far more difficult 
to understand (and this goes way beyond the scope of these notes). 

Finally, of course, one would like to extend all of these ideas to higher di¬ 
mensions. Considerable progress is being made El El [58] EH [32] and this will 
continue to be a challenging and exciting area of research for many years to 
come. 
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5.4 Non-Kahler surfaces and the Chern-Ricci flow 


As seen from the last section, the Kahler-Ricci flow is now quite well under¬ 
stood in the case of complex dimension two. Given any Kahler surface, we have 
a more-or-less complete picture of how the flow will behave (modulo some open 
problems, as discussed above). This is in contrast to the Ricci flow on gen¬ 
eral four-manifolds, where despite the success of Ricci flow in three dimensions 
S3 GS3 (H E2 ES we do not yet have any kind of conjectural picture. Is 
there a larger class of four-manifolds than Kahler surfaces for which we can say 
anything? 

We consider the class of compact complex surfaces, which include non-Kahler 
surfaces, namely surfaces which do not admit any Kahler metric. For an exam¬ 
ple, consider the simplest Hopf surface 

H=(C 2 -{ 0})/~, 

where ( z x ,z 2 ) ~ (2z 1 1 2z 2 ). This is a compact complex surface, diffeomorphic 
to S 3 x S' 1 via the map 

2 h* e S' 3 x R >0 /(r - 2r) “ S 3 x S\ 

where we consider S 3 as a subset of C 2 in the usual way. H cannot admit a 
Kahler metric since its second Betti number vanishes. 

All complex surfaces admit Hermitian metrics. Given such a metric go, we 
can consider the associated (1,1) form 

w 0 = \J~^\gqdz l A dz°, 

which is not necessarily closed. We define the Chern-Ricci form of uiq to be 
Ric(cuo) = — v 7 —l<9i91ogdetgo- 

This coincides with the usual Ricci curvature if go is Kahler. The form Ric(wo) 
is still a closed (1, l)-form for Hermitian go, but the key point is that in the non- 
Kahler case Ric(wo) is not in general equal to the Riemannian Ricci curvature 
of g 0 . 

We consider a parabolic flow of Hermitian metrics on a complex surface M: 
d 

—u = -Ric(w), w| t =o = w 0 - (5.4.1) 

at 

The formula is the same as for the Kahler-Ricci flow, but we are allowing go 
to be non-Kahler. The equation (15.4.111 is known as the Chern-Ricci flow, and 
shares many of the properties of the Kahler-Ricci flow [23 EH [781 [791 Ha [56]. 

Note that the Chern-Ricci flow is not the same as the Ricci flow in general. 
The Ricci flow starting at a Hermitian metric may immediately become non- 
Hernritian and little is known about the behavior of the flow. Other examples 
of Hermitian flows generalizing the Kahler-Ricci flow have been given in [65]. 
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The Chern-Ricci flow was first introduced by M. Gill [25] in the setting of 
manifolds with vanishing first Bott-Chern class, which we now explain. We 
define 


h£(M,R) 


{9-closed real (1,1) forms} 
Im dd 


which coincides with when M is Kahler, as discussed in Lecture 2. 

We then define the first Bott-Chern class of M by 


cf c (M) = [RicM] e 


and by the same argument as in Lecture 2, this is independent of choice of 
Hermitian metric ujq. 

Gill [25] proved: 

Theorem 5.2. If M is a compact complex manifold with cf C (M) = 0 then 
there exists a unique solution co(t) to the Chern-Ricci flow 1 5.f.l\) starting at 
any Hermitian metric cjq. As t —> oo, 


w(t) —> Woo in 


where Ric(woo) = 0. 

This is the analogue of Cao’s Theorem 14.21 proved in Lecture 4. This result 
made use of an L°° estimate for the complex Monge-Ampere equation in the 
Hermitian case due to Tosatti and the author m (see also mm)- Note that 
in fact this result holds in all dimensions. 

An analogue of Theorem ld.ll also exists. As there, it is convenient to consider 
the normalized flow: 

d 

—w = —Ric(w) - w, w| t=0 = w 0 . (5.4.2) 

It was shown by Tosatti and the author m that: 

Theorem 5.3. Let M be a compact complex manifold with ci(M) < 0. Then 
there exists a unique solution to the Chern-Ricci flow }5.^.i| ) starting at any 
Hermitian metric wo- As t —> oo, the solution uj(t) to the normalized flow 
\5-4-2^ satisfies 

uj(t) —> wke in 

where wke is the unique Kahler-Einstein metric on M satisfying RIc(wke) = 
-wke- 

Observe that the condition C\{M) < 0 implies that the manifold M is Kahler. 
The point of this theorem is that the Chern-Ricci flow takes any non-Kahler 
Hermitian metric to the Kahler-Einstein metric. 

Furthermore, we have a natural analogue of the maximal existence time 
theorem m- 
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Theorem 5.4. Given any Hermitian metric ujq , there exists a unique maximal 
solution of the Chern-Ricci flow starting at ujq on [0, T), where 

there exists if G C°°(M ) such that 1 
wo — tRic(wo) + y/^-Lddip >0 J 

Although it looks like T depends only on u>o, it really only depends on 
the “equivalence class” of u>o, where we say that two Hermitian metrics are 
equivalent if their forms differ by the dd of a function. In many cases, it is easy 
to compute T, just as in the Kahler case. 

We return now to the case of complex dimension 2 and impose an additional 
assumption on ujq: 

V^lddojo = 0. (5.4.3) 

This is a natural assumption on complex surfaces, since, by a theorem of Gaudu- 
chon [23], given any Hermitian metric w on M there exists a smooth function a 
so that e a u; satisfies (15.4.311 . A metric on a complex surface which satisfies (15.4.31) 
is called Gauduchon (in dimension n, the condition is \f--\ddui n ~ 1 =0.) It is 
immediate from the definition that the Cliern-Ricci flow preserves the condition 

(EZ3D- 

If M is a minimal complex surface, then a similar picture as in the Kahler 
case (Section [5.3.211 is now emerging: 

• If Kod(M) = 0 then cf c (M) = 0 and Gill’s Theorem 15.21 implies that the 
Chern-Ricci flow exists for all time and converges to a Chern-Ricci flat 
metric. 

• If Kod(M) = 1 and M is non-Kahler, then M is, up to a finite covering, 
a smooth elliptic bundle over a Riemann surface S. A result of Tosatti- 
Weinkove-Yang [80] says that the normalized Chern-Ricci flow (15.4.21) ex¬ 
ists for all time and converges in the sense of metric spaces to an orbifold 
Kahler-Einstein metric on S. 

• If Kod(M) = 2 then M admits a Kahler metric (in fact M is projective 
algebraic). If ci(M) < 0 and we start the flow from a Hermitian metric, 
we can apply Theorem 15.31 above to obtain convergence of the normalized 
Chern-Ricci flow to a Kahler-Einstein metric. Otherwise the canonical 
bundle is big and nef and a result of Gill m says that the flow converges 
smoothly to a Kahler-Einstein metric outside a subvariety, generalizing 
the results of m ca¬ 
lf M is non-minimal with Kod(M) ^ —oo, then as in the case of the Kahler- 

Ricci flow we can ask whether the Chern-Ricci flow “blows down” exceptional 
curves. This is in general an open problem. However, it was shown in [78] that 
one obtains smooth convergence outside the curves of negative self-intersection. 
Moreover, the curves contract in the sense of metric spaces if the initial metric 
wo satisfies the additional assumption that dwo is the exterior derivative of the 
pull-back of a form from the blow-down manifold El. It is not difficult to find 


T = sup < t > 0 
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examples when this condition is satisfied, but we conjecture that one should be 
able to remove this assumption. 

The case of Kod(M) = — oo is both more interesting and more difficult. 
The minimal non-Kahler surfaces with Kod(M) = —oo are known as Class VII 
surfaces. When b 2 = 0, M is either a Hopf surface or an Inoue surface. It was 
shown in m that on a Hopf surface, the Chern-Ricci flow collapses in finite 
time, meaning that the volume tends to zero. By contrast, on the Inoue surface 
the flow exists for all time. Explicit examples were given in [79] for a family 
of Hopf surfaces which exhibit collapsing in the sense of Gromov-Hausdorff to 
S 1 . Examples on Inoue surfaces also show collapsing of the normalized flow as 
t —> 00 [791. 

When M is a Class VII surface with 62 > 0, the exact behavior of the flow 
is a mystery, and no explicit examples are known. However, it was shown in 
[78] that the Chern-Ricci flow always collapses in finite time. It is a major open 
problem to complete the classification of Class VII surfaces when 62 > 1 (for 
the cases b 2 = 0,1 see [Mi sa aa Eg [id]) and this is a motivating factor for 
studying non-Kahler surfaces. 
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Appendix A 

Solutions to exercises 


11.11 S 2 = {(a: 1 , a; 2 ,a: 3 ) € R 3 | (a; 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 = 1} is a complex manifold 
with charts ( S 2 — {(0, 0,1)}, w) and ( S 2 — {(0,0, — 1)}, w) given by 

x 1 + \/~-Yx 2 _ x 1 — v /3 lx 2 

W = 1 — x 3 ’ W = 1 + x 3 ’ 

which are related by w = 1/w on the overlap. On the other hand P 1 has two 
complex charts Uq = {Z 0 0} with z = Z\/Zq and U\ = {Z\ ^ 0} with 

z = Z§IZ\, which are related by z = 1/z. All of the maps w, w, z, z map onto 
C. Then define a map S 2 P 1 by mapping S 2 — {0,0,1} —> U 0 via z _1 o w and 
S 2 — {0,0,—1} —»• U\ via z~ x o w. This is well-defined and holomorphic with 
holomorphic inverse, hence a diffeomorphism. 

1 

roi Let ( U , z) be another coordinate chart. If _. = 0 then on U D U, 

dz J 

dX k _ ( X id^\ _ &z^_dX^_dz^ _ 

g~z e dz j V dz l ) of dz j dz l 

1731 On U n U, from (11331) . 


_ ~ - 

9i3 xiyj = 9*i? Xi dZ Yj = ~ 9klXYj - 


roi Take the inverse of both sides of (11.2.11) . 
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11.51 Assume (II. 3. ID holds on U. On U D U, 


d _ d _ d ( dzi\ d ( dz 1 dzi\ 

dz m 9pq dzP 9mq ~ dz m \^ ij dzP dzi J dz p y ij d2 ™ dz q ) 

/ dz k d \ dz 1 dzJ d 2 z l dzJ 

V dz m dz k 9ij J dzP dz q + 9ij dz m dz.P dz q 
(dz k d \ dz * dzi d 2 z l dzi 

\d5P~dz k9i iJ dz rn 9ij dzPdz m d&i 

( d d \ dz k dz 1 dzi _ 

= \d^ 9 d fai 9k i j dS p dS q = ■ 


roi To show that it is well-defined tensor, use the general fact that 
acting on functions transforms according to 


d d 
dz 1 dzi 


d d dz k dz e d d 
dz * (dzi Qz l dzi Qz k Q~ e ’ 


together with the fact that \J— ldd log |/| 2 = 0 for / a nowhere vanishing holo- 
morphic function. 

To see that (g.g) is positive definite, write z= (z 1 ,..., z n ) and compute on 
e.g. U 0 , 


(9ii) = 


Sij + \z\ 2 Sij - z j z * 

(i + UI 2 ) 2 




(1 + UI 2 ) 2 


> 0 , 


since by the Cauchy-Schwarz inequality \z\ 2 5ij — ziz 1 is semipositive. 

It is immediate from the definition that d k g.fj = dig k j , so g is Kahler. 

rm duj = (d k g{j — dig k -^j dz k A dz 1 A dz* and hence du> = 0 if and only if uj is 

Kahler. Taking conjugates, dcu = 0 if and only if duj = 0 since to is real. Finally, 
duj = duj + dtv and du is of type (2,1) whereas dco is of type (1,2). Hence duj = 0 
if and only if both du> and dui vanish. 

ITThI E.g., for VfcX 1 , compute 


dz k 


x* + r km x m = 


X ' 


dz v d 
dz k dz p 
dz p dz i dX t 
dz k dz e dz p 


, dz 1 
dz ( 
dz p 


9 


iq 


d 

dz k 


9mq I X 


_ d 2 z l 

dz k dz p dz e 


+ 9 


a l dz 1 dz q dz e 


d 


dz a dz b dz k dz e 


9cd 


dz c dz d 
dz m 'dz q 


dz m 

~W 


X 


dz m 

~d¥ 


and use the fact that 

d / dz c \ dz c dz s d 2 z r 
dz e \dz m J ~ dz r dz m dz e dz s ' 
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11.91 Straightforward calculation. 
11.101 Compute at 0, 


9 9 (_ dz p dz q \ dz m ( 9 _ \ dz p dz q _ d 2 z p dz q 

g^k9ij = [9p q -gZi-QZJJ = -Q^ [d5^3pqj -Q^-g^+ 9' pq g z k dz i dzi ' 

d z p 

But at 0 we have g pq = S pq = and hence 

^i9,j=d,(o)-d,(o) = i>- 

cm For example, in holomorphic normal coordinates, 

[Vi, V-]^ = diidfr - Tf q bz) - djdibq = -(ddf q )bz = Rj-bj. 

11.121 (1) Pick coordinates at a point for which gg = Sq and (fig) is a diagonal 
matrix with eigenvalues Ai,..., \ n . Then nw n_1 A /3 and PgU) n both equal 



n!(-\/— l^dz 1 A dz 1 A • • • A dz n A dz n . 


(2) follows from (1). 

11.131 On U 0 U, we have 


a = 


det 



2 


a. 


The exercise follows from the fact that if / is a nowhere vanishing holomorphic 
function then v 7 —199log |/| 2 = 0. 

EH With the notation of Exercise 11.61 


det 


/Sq + \z\ 2 5q - z j z l \ 

{ (1 + UI 2 ) 2 J 


1 

(l + UI 2 ) n+1 ’ 


which can be more easily calculated by applying a unitary transformation to 
C™ so that z 2 = ■ ■ ■ = z n = 0. Then Ricfwps) = (n + l)\/^T991og(l + \z_\ 2 ) = 
(n + 1)wfs- 


[2 HI Adding a constant to / we may assume that / is positive. Applying Stokes’ 
Theorem and Exercise 11.121 

0>- f fV—lddf Aw" -1 = — [ |9/| 2 w n , 

JM n J M 

so 9/ = 0. 

12721 For example, suppose that a > 0 and a < 0. Then a contains a Kahler 
metric u> and —a contains a Kahler metric u/. Then [ui + a/] = 0 so to + ui 1 = 
V—199/ > 0 for some real-valued function /. This contradicts Exercise 12.II 
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[2731 It is immediate from the definition that Ka(M) is a convex cone. For 
openness, let 71 ,... , 7 m be smooth closed ( 1 , 1 ) forms with the property that 
[ 71 ],..., [ 7 m ] is a basis for R). If a in Ka(M) is represented by a 

Kahler metric w, then for e* > 0 sufficiently small ui + J7 Si r ) i is Kahler. Hence 

[a] + JT £ i[ 7 i] is i n Ka(M) for £* sufficiently small. 

[2741 For (a) pick product coordinates, (b) follows from (a). 
mu Follows from Exercise 12.41 

mu Let tte and ns be the projections onto E and S. 

(a) ci(M) = — [ttJws], and n^cos ^ 0, so T = 00 . 

(b) w(t) = n* E u) E + (1 + t)n* s Ld S . 

(c) The torus fibers collapse and u>(t)/t converges to the Kahler-Einstein met¬ 
ric uis on S. 

mu Observation: a is nef if and only if for all s > 0, we have a + e[wo] > 0. 

(a) If a is nef then by the observation it is immediate that a is in the closure 

of Ka(M). Conversely, let a be in the closure of Ka(M) so that there exist 
atj £ Ka(M) with ctj —► a. Let /3i,..., (3 m be smooth closed (1,1) forms 
so that the [/?*] give a basis for R). Then a — ctj = X^hitA] 

with bij —> 0 as j —> 00 . Now let £ > 0. For j large enough, we have 
Si AjA ^ — £Wo- Let ujj in atj be Kahler. Then uij + Y^t>i,j/3j ^ —suiq 
and ujj + S bi,j/3j £ a. 

(b) We just have to show that 


sup{t > 0 | [wo] — tei(M) is nef} < T. 


Suppose not. Then [wo] — (T + S)ci(M) is nef for some S > 0 and so 
(1 + £)[wo] — (T + S)ci(M) > 0 for all £ > 0. Hence 

N] - 7 -——ci (M) > 0 , 

1 + £ 

T + S 

a contradiction since we may choose £ > 0 so that -- > T. 

J 1 + £ 

d 

mu (cf. [7E\ ). Suppose lo = u>(t) solves — w = —Ric(w). Then if we let ip solve 
= log(c^ rl /r 2 ) with ip\t=o = 0 we have 

- th t - y/-Lddtp) = 0, 


which implies that u> = u>t + y/—ldd(p, with tp solving (13.1.311 . 
mi For (a), suppose ft does not converge smoothly to /. Then for some k 
there exists £ > 0 and U —> T 0 such that \\f ti — f\\c k (M) ^ £ for all *• Then 
applying Arzela-Ascoli, after passing to a subsequence, f ti converges smoothly 
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to some function / with / 7 ^ / and this contradicts the fact that f ti converges 
to / pointwise. For (b), suppose \f t \ ^ A. Then f t + tA is nondecreasing and 
bounded above so converges pointwise to a unique limit. Now apply (a). 

13.31 Pick ip = tp — Bt for 


B= inf log —p— — 1. 
Mx[0,S] il 


GE3 Put Q = tp — Atp for A chosen so that Auj t ^ X- Then compute 



Q = tr^X 


Atp + An 


ACjt sj — Aip + An, 


so that tp ^ n at a maximum of Q (if achieved at to >0). 

[3751 Pick coordinates at a point so that go is the identity and g is diagonal with 
eigenvalues Ai,..., X n . Then, for example, if tr Wo w SC C 1 , we have Yi ^ Cl 
and so A* ^ C\. On the other hand, we have A 1 A 2 ■ ■ • A„ ^ C _1 , so 


1 


Ai • • • Ai • • • A„ ^ Cr 1 
Ai ■ ■ ■ A n " C- 1 


where ~ means “omit”. Hence tr^wo = Yi \ 1 ^ C 2 '■= nC " 1 C. 

EH Pick holomorphic coordinates at a point with respect to go, so that V 
dk . Then 


0 _ 
k ~ 


$9 pl 9 kl B ilk B^ = g$ g ™g kI 



dk(ti:u 0 uj) _\ 
tr^w 9lJ ) 


= (I) + (II) + (HI), 



d^(tTu, 0 Uj) \ 

tr^ 0 w 9pq ) 


where, using the Kahler condition, we have 

(i) = 9l q 9 pl 9 kI d i9kl ikg P i = soVVMs* 


and 


and 


(ii) -2Re( gl q g pl g k %g^^t^g P - q 


= - 2 Re ( g ki g%d k g 


3 tr Wo w 
^(tr^pu;) 
* lJ tr^pW 


= -2 


\dt 


^UJQ^lg 


tr W0 w 


(III) = g lq g P3 g 


ig p] kl d k(teu 0 u) dj(tr U o uj) |5trp, n w 


tr^w lJ tr^w 


9pq — 




tr^w 


mu Both —Ric(a)oo) and Woo lie in —c\ (M) so there exists / with 
>7—199 log = uioo + V^lddf. 
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Set fl = io^e f +c with c chosen so that J M fi = f M u>g. 

14.21 Similar to the proof in Lecture 3 (see Exercise 13. II) that (12.1.11) is equivalent 

to (1371731) . _ 

14731 At the maximum of <p (if it occurs at to > 0 ) we have \J — \ddtp ^ 0 and 
^tp ^ 0 and hence from (14.1.51) . tp st log ^ ^ C. The lower bound of tp is 
similar. 

[4741 The only difference compared to the calculation of Lemma 13.31 is that in 
(13.3.21) there is an extra term coming from the — w in = —Ric(w) — w, which 

yields an additional ^ TuoUJ _ 
tr u 0 w 

14.51 For e > 0, (— A)(/ — et) = — e < 0 and hence the maximum of / — et 
must occur at t = 0 giving / — et < sup M |/o|. Let e —> 0. The lower bound is 
similar. 

an Consider Q = logtr^ 0 w — Ap on M x [0,£] and show that, for A sufficiently 
large, 

Q A -tr^wo + c, 

using the fact that tp is uniformly bounded. If Q achieves a maximum at 
(xo,to) with £ 0 > 0 then since tp is bounded we have (tr^woX^O) to) ^ C 1 and so 
(tr Cl , 0 w)(xo, to) ^ C". Hence for any (x,t), 

(logtr a , 0 w)(a:,t) - Aip(x,t) < Q(x 0 ,t 0 ) ^ logC' - Ap(x 0 ,t 0 ) 



and the claim follows after exponentiating. 

14.71 Since = tr td (^w)w ra = A ipu n we have 

iP(t)= [ A tu n + [ tpAtpco n = -- f \dtp\ 2 co n , 
dt JM Jm n Jm 

using Stokes’ Theorem and Exercise 1 1.1 21 
14.81 Compute 

- a) \dtp\l = -|vv^ - |vv<^|g < o, 

where \X7\7tp\ 2 = g 1 ^ g k ^ViVktpVjVjtp etc. Then 


d 2 P > 1 
dt 2 ^ n 


JM 


n JM n JM 




since A tp is uniformly bounded. To show that dP/dt —>■ 0, we use the following 
elementary fact. If / : [0, oo) —> K satisfies the differential inequality / ^ Cf 
then if / ^ —£ at t we have / ^ —e 2C e on [t,t + 2] (consider fe~ Ct ). Then 
since ( dP/dt)(ti ) —> 0 for tj € [i,i + 1] it follows that dP/dt —> 0. 
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